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. Abstract. We give a presentation of cyclotomic g-Schur algebras by generators 

and defining relations. As an application, we give an algorithm for computing 
^ ■ decomposition numbers of cyclotomic g-Schur algebras. 
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0. Introduction 



Let Jifn t r be an Ariki-Koike algebra associated to a complex reflection group 
& n x (Z/rZ) n . A cyclotomic g-Schur algebra 5^ n ^ r associated to J^f n ^i introduced 
in [DJMj . is denned as an endomorphism algebra of a certain J^ jT .-module. In 
^ ■ this paper, we give a presentation of cyclotomic g-Schur algebras by generators and 

defining relations. 

In the case where r = 1, ^f n ,\ is the Iwahori-Hecke algebra of the symmetric 
group & n , and 5^ n ^\ is the g-Schur algbera of type A. In this case, J? nt i is realized as 
a quotient algebra of the quantum group U q = U q (gl m ) via the Schur-Weyl duality 
between Jrf? nt i and U q in [J]. We remark that the Schur-Weyl duality holds not only 
O over Q(<?) but also over Z[q, q^ 1 } (see |Du] ) . By using the surjection from U q to 

y n ,i, Doty and Giaquinto gave a presentation of y n .\ by generators and defining 
relations in [DGj . They also gave a presentation of =5^1 in the way compatible with 
Lusztig's modified form of U q . After that, Doty realized in [Doj the generalized 
g-Schur algebra (in the sense of Donkin) as a quotient algebra of a quantum group 
(also Lusztig's modified form) associated to any Cartan matrix of finite type. 

In the case where r > 1, a Schur-Weyl duality between ^f n ^ r and U q (o) over 
— 7i>"" - >7r) was obtained by Sakamoto and Shoji in |SakSj . where g = 
fl^mx © ■ ■ • © 0^m r is a Levi subalgebra of a parabolic subalgebra of gl m . However, 
this Schur-Weyl duality does not hold over Z[q, g _1 ,7i, ■■ ■ ,j r ]. In fact, Sakamoto- 
Shoji's Schur-Weyl duality should be understood as a Schur-Weyl duality between 
modified Aliki-Koike algebra J4?® r introduced in |Slj . and U q (g) rather than the 
duality between J$? n , r and U q (o). The image of U q (o) in the Schur-Weyl duality 
is isomorphic to the modified cyclotomic g-Schur algebra ' n r associated to J&£ r 



introduced in [SawSj . J4?® r and are defined over any integral domain R with 
parameters satisfying certain conditions. In particular, we have Jif n . r — over 

K, though y ' nr ^ y n ,r- (Note that Jrf? nir ^ ^K%r over R m general.) Some relations 

between S^ n ^ r and 5^ n r were studied in jSawSj and |Sawj . They showed that 5^ n ^ 

turns out to be a subquotient algebra of ^„ )r , and <5^ nr — ® (»i.-,«r) ^m,i ® 

f-nr — n 
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• • • <8> ^n r ,ii where each component J^ nfc ,i is a g-Schur algebra of type A which is a 
quotient algebra of the corresponding Levi component U q (Ql mk ) of U q (gl m ). 

In |SW] , we have generalized the results in |SawS] and |Saw] as follows. Let 
p = (?"!,••• , r g ) G Z> be such that r 1 + - ■ -+r g = r. We define a subquotient algebra 
5? n r of ^ n ,r with respect to p by using a cellular basis of S? n)T given in [DJM] . Then 
we have 5^ nr = ( ni ,..., nj ) ^ ni ,n ® ■ • • <8) ^n a ,r g - The case of p = (1, ■ • • , 1) is 

niH h^ig— n 

the one discussed in |SawSj . and S? nT (the case of p = (r)) is just 5?^. These 
structures suggest us that 5? nr is a quotient algebra of a certain algebra U q (g p ) 
with respect to the Levi subalgebra g p = gl mi+ ... +mri © • • • © gL ri+ ... +rg _ 1+1 +-+m r of 

gt m . In particular, S^ n>r should be a quotient algebra of a certain algebra U g (gl m ). 
(Note that C/ g (g[ m ) (also U q (Q p )) is not a quantum group.) This is a motivation in 
this paper. 

On the other hand, in |DR2] . Du and Rui defined (upper and lower) Borel 
subalgebras J?g? and J^|° of y n>r , and they showed that y n>r = «^g? • J^ p °. 
Moreover, they showed that the Borel subalgebra (resp. =5^°) is isomorphic 
to the Borel subalgebra =5^° (resp. of a g-Schur algebra ^ m ,i of type A 

with an appropriate rank. In fact, the Borel subalgebra (resp. °) of ^ m ,i 
is a quotient algebra of an upper (resp. lower) Borel subalgebra of U g (gl m ). These 
structures imply that ^ n r is presented by generators of U q (Ql m ) with certain defining 
relations which are different from the defining relations of U q (gl m ). This is a main 
idea to find presentations of 5? n>r by generators and relations. 

This paper is organized as follows. In §1, we introduce a certain algebra U q = 
U q (gl m ) associated to the Cartan data of g[ m . A quantum group U q (gl m ) turns out to 
be a quotient algebra of U g . We also prepare several notions for representations of U q 
similar to the case of quantum groups, e.g. weight modules, highest weight modules 
and Verma modules. In §2, we define a (various) finite dimensional quotient algebra 
S q of U g . This construction of S q was inspired by the construction of generalized 
g-Schur algebra in |Doj . In fact, both of a g-Schur algebra 5^ n> \ of type A and a 
cyclotomic g-Schr algbera 5^n,r are examples of these finite dimentional quotient 
algebras of U g . We also give a method to study representations of S q analogous to 
the theory of cellular algebras in |GLj . In some cases, S q turns out to be a quasi- 
hereditary cellular algebra. In §3, we develop an argument of specialization of S q 
to an arbitrary ring and parameters by taking divided powers. We remark that the 
arguments in §l-§3 can be applied to any Cartan matrix of finite type. (See Remarks 

E3BI(ii).) 

After reviews for known results on g-Schur algebras and cyclotomic g-Schur 
algebras in §4 and §5, we define a surjective homomorphism p from U q to 5^ n ^ r 
in §6. By using the surjection p combined with the results in §l-§3, we give two 
presentations of S^ n , r in §7 (Theorem 17. 161) . 

Finally, we give an algorithm to compute the decomposition numbers of cyclo- 
tomic g-Schur algebras in §8. 
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§ 1. Algebra U q 

1.1. Let P = @™ 1 Zej be a weight lattice of gl m , and P v = @,™ 1 Zhi be the dual 
weight lattice with the natural pairing ( , ) : P x P v — »• Z such that (si, hj) = 5ij. 
Set oil = Si — Ei + \ for i — 1, ■ ■ ■ , m — 1, then n = | 1 < i < m — 1} is a set of 
simple roots, and Q = Z is a root lattice of gi m . Put Q + = 0™^ Z> aj. 
We define a partial order " > " on P by A > /i if A — fi G Q + . 

1.2. A quantum group U q = U q (Qi m ) is the associative algebra over Q(g), where g 
is an indeterminate, with 1 generated by e^, /j (1 < i < m — 1) and Kf (1 < % < m) 
with the following defining relations (we denote Kf by Ki simply) : 



1.2.1) 


KiKj = KjKi, K t Kr = KrR t = 1 


1.2.2) 




1.2.3) 




1.2.4) 


ef- fe=8- + 

q — q~ L 


1.2.5) 


ei±ie 2 i - (q + q~ 1 )e i ei± 1 e i + e 2 i e i±1 = 



e i e j = ejei (\i - j\ > 2) 
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(1-2.6) f i±l fl - (q + q-^Uf^U + if /i±i = 

fifj = fjfi i\i-3\>2) 

Let Ug (resp. t/~) be the subalgebra of U q generated by Ci (resp. fi) for 
i = 1, • • • ,m — l, and {7° be the subalgebra of U q generated by Kf for % = 1, • • • , m. 
It is well known that U q has the triangular decomposition 

U q = U~ ®U® ®Uq as vector spaces. 

Let B + (resp. B~) be the subalgebra of U q generated by ti (resp. fi) for 1 < i < m—1 
and Kf for 1 < % < m. We call B ± a Borel subalgebra of U q . The following lemma 
is well known. 

Lemma 1.3. 

(i) Uq (resp. U~) is isomorphic to the algebra defined by generators Ci (resp. 
fi) (1 < i < m — 1) a defining relation (I 1 . 2. 51) (resp. (\1.2.6§ ). 

(ii) Z7° isomorphic to Q(q)[Kf, ■ ■ ■ , 

(hi) /3 + is isomorphic to the algebra defined by generators e« (1 < % < m — 1) and 

^ (1 < i < m) loii/i defining relations i\1.2.1\) , [\1.2.2\ and (\ 1.2.51) 
(iv) B~ is isomorphic to the algebra defined by generators fi (1 < % < m — 1) and 
A < * < m ) w ^ defining relation (gjOD , (fO^) and (TTOl . 



1.4. Put 2 = Z[g, g l ]. We define the Z-ioxm. of C/ g as follows. For any integer 
k G Z, put 



q — q 
q-q- 1 ' 



For any positive integer £ G Z >0 , put [i]! = — 1] • • • [1] and set [0]! = 1. For any 
integer k and any positive integer t, put 



[Jfe][Jfe-l]---[Jfe-t + l] [k]\ 



l]-.-[l] 



[t]\[k-t)\ 



For k G Z> and % = 1, • • • , m — 1, put 



y(fc) _ Ji 



[A;]!' Jl [k]\ 
For t G Z> , c G Z and z = 1, • • • ,m, put 



Ki; c 
t 



n 



8=1 



K iq 



C — S + l T<r~^ri~ C+S— 1 



9 - °~ 
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Let zU q be the Z-subalgebra of U q generated by all e[ k \fl k \Kf and 



Ki-0 
t 

(*)' 



also define the Z-subalgebra z& + (resp. z& ) of U q generated by all e\ (resp. 
fi% Kf and 

1.5. Let A = , 7 r ] be the polynomial ring over Z with indeterminate 

elements 71, • • • ,j r , where r is an arbitrary non- negative integer (put A = Z when 
r = 0), and let /C = Q(q,ji,--- ,j r ) be the quotient field of A. We define the 
associative algebra U q = U q (gl m ) over K, with the unit element 1 by the following 
generators and defining relations: 

generators: e^fi (1 < % < m — 1), if,. (1 < % < m), Tj (1 < z < m — 1). 
defining relations: 

(1.5.1) KiKj = KjKi, KiK~ = K~ K t = 1, 

(1.5.2) K iej Kr = q^)e h 

(1.5.3) KJjK- = q-toMfj, 

(1.5.4) K iTj K7 = Tj , 

(1.5.5) etfj - fjei = S^n 

(1.5.6) e i± ie- - (<? + <? _1 )e;ei ± iej + e-e i± i = 0, 

e^- = ejCi (\i - j\ > 2), 

(1-5.7) f l±l ff -(q + q~ l )Uh ±1 h + /?/ <± i = 0, 

fifj = fjfi (\i-j\>2). 

Set degej = «j, deg/i = — ctj, deg-K^ = and degTj = 0. Since all the defining 
relations of U q are homogeneous under this degree, U q is a Q-graded algebra, and 
U q has the following root space decomposition 

u* = @&)*> 

where (Ug) a — {u G U q | KiuK~ = q( a > hi >u for 1 < z < m}. For u G U q , we denote 

by deg(u) = a if u G (£/,)<». 

The following proposition is clear from definitions. 

Proposition 1.6. Let I be the two-sided ideal of U q generated by 

K t K7 +1 - K~K l+l 

Ti for 1 = 1, - - • ,m — 1. 

q-q' 1 

Then we have the following isomorphism of algebras. 

U q /I = lC®Q {q) U q . 
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Remark 1.7. We note that the parameters 71, ■ • • ,j r do not appear in the defi- 
nition of U q . However, we will use these parameters later when we consider some 
representations of U q or some quotient algebras of U q . 

1.8. Let (resp. U~) be the subalgebra of U g generated by (resp. fi) for i = 

I, • • • , m — 1, and let U q be the subalgebra of U q generated by Kf for % = 1, • • • , m. 
We also define a Borel subalgebra of U q as follows. Let B + (resp. B~) be the 
subalgebra of U q generated by U q (resp. U~) and U q . Lemma [1.31 and Proposition 

II. 61 imply the following corollary. 

Corollary 1.9. There exist the following isomorphisms of algebras. 

U±mC® m Uf, U° q =]C^ Q{q) U q , B ± ^K® m B ± . 

Proof. We only show an isomorphism for Borel subalgebras. Other isomorphisms 
can be shown in a similar way. By Lemma n.3[ we have a surjective homomorphism 
of algebras JC <8>q( 9 ) B ± — > B ± . On the other hand, by restricting the surjection 
U q —*K <8>Q(g) U g in Proposition 11.61 to B ± , we have a surjection B — > K ®Q( g ) B . 
Thus, we have B + = K <E)q( 9 ) B + . □ 

1.10. For 77 = (771, - - - ,7] m -i) such that r)i e U~U°U+ with deg(?7i) = 0, let O n 

be the category consisting of t/g-modules satisfying the following conditions (a) and 
(b): 

(a) : MeO' has the weight space decomposition 

where M M = {v E M \ Ki ■ v = q^ h ^v for 1 < i < m}. 

(b) : For M 6 6*1 and i = 1, • • • , m - 1, it holds that (t< - ^) • M = 0. 

Let 0^ ri be the full subcategory of O v satisfying the following additional condi- 
tion: 

(c) : For each u G U q , there exists an element x G U q U q U q such that 

(u - x) ■ M = for any M G O v tri . 

By this definitions, in 0^ Ti , the action of U q has a triangular decomposition. 

Finally, let O v be the full subcategory of O v satisfying the following additional 
conditions: 

(d) : For any M G O v , the dimension of M is finite. 

(e) : For any M G O v , we have 



= unless ji G P>o, 
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where P> = 0™ x Z> e». 

As is seen later, C is a full subcategory of 0^ ri . Moreover, we will construct all 
simple objects of O 71 through some quotient algebras of U q (Theorem I2.20p . 

Remarks 1.11. 

(i) If rji G U q for any i = 1, • • • , m — 1, we have O 71 = 0^ ri . 

(ii) Let I v be the two-sided ideal of U q generated by (r i —r] i ), and put U^j = U q /I v . 
Then, we can regard a [/^-module as a [/^-module through the natural surjection. 
Clearly, any [/I'-module equipped with the weight space decomposition is contained 
in O v . On the other hand, a U q -modu\e M contained in O v is regarded as a £71'- 
module since we have that I 71 ■ M = by the condition (b). Thus, the category 
O v coincides with the category consisting of ^-modules which have weight space 
decompositions. 

(iii) When K = Q(q) and Vi = (KiK^ - KrR l+1 )/(q - q~ l ) for any % = 

1, ■ • ■ ,m — 1, O v coincides with the category of ^-modules having weight space 
decompositions. 

1.12. Next, we introduce a notion of highest weight modules. Let r] be as in 11.101 
We call [/^-module a highest weight module of highest weight A G P associated 
to rj if there exists an element v\ G M\ satisfying the following conditions: 



(1.12.1) u ■ V\ = for any u <E U q such that 

m— 1 

deg(w) = c/jttj with di > for some i, 

i=l 

(1.12.2) Ki ■ v x = q {x ' hl) v x for i = 1, • • • , m, 

(1.12.3) U q -v x = Ml 

(1.12.4) (n — rji) ■ — for i = 1, • ■ ■ ,m-l, 

We call the above element v\ a highest weight vector of M^. 
Remarks 1.13. 

(i) Note that, since we take rji G U^U^U^ such that deg(?7j) = 0, fll.12.ip . 
fll.12.2j) and fll.12.4p imply that n ■ v x G K ■ v x . 

(ii) A highest weight module M\ is contained in O n . 

(iii) If a highest weight module is contained in 0^ ri , we can replace (11.12.11) 
with 

(1.13.1) &i • v x = for z = 1, • • • , m — 1. 

(iv) For a f/^-module M, if there exists an element v x G M for some A G P 
satisfying the conditions f ll.l2.1l) -f ll.l2.3l) . M is a highest weight module of highest 
weight A G P associated to r/. In particular, if rji = (KiK~ +1 — K~K i+ i) /(q — q~ l ) for 
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any i — 1, • ■ • , m — 1 (namely, UJj = U q ), the definition of a highest weight module 
in 11.121 coincides with the usual definition of a highest weight module of U q (gl m ). 

Lemma 1.14. // a highest weight module is contained in O v tri , we have the 
followings. 

(i) The dimension of the weight space (M^)\ with the highest weight A is equal 
to 1. 

(ii) has the unique maximal submodule. 

Proof, (i) is clear from definitions. By (i) and f ll.12.3p . a proper f/ 9 -submodule of 

does not have a weight A. Thus, the sum of all proper [/g-submodules of 
does not have the weight A, and this is the unique maximal submodule of M\. □ 

Remark 1.15. When a highest weight module with a highest weight vector v\ 
is not contained in C^ ri , it may occur that u ■ v\ £" JCv\ and u ■ v x has the weight A 
for some u £ U q such that deg(u) = 0. 

1.16. Let be the left ideal of U q generated by 

m— 1 

u £ U q such that deg(w) = dion with di > for some i, 

i=l 

Ki - q( x ' h *h for % = 1, • • • ,m, 

(rj — r)i) ■ u for i — 1, ■ ■ ■ , m — 1 and u £ U q , 



Put V£ = U q /J^, then one sees that V£ is a highest weight module of a highest 
weight A associated to t] with a highest weight vector 1 + J^. We call V£ a Verma 
module of U q . We have the following lemma. 

Lemma 1.17. Any highest weight module of a highest weight A associated to r\ 
is a homomorphic image of V£ . 

Proof. Let be a highest weight module of a highest weight A associated to 77 with 
a highest weight vector v\. We regard U q as a [/^-module by left multiplications. 
Then, we have a natural surjective homomorphism of L^-modules U q — > M\ such 
that 1 i — > V\. Moreover, one can check that is included in the kernel of this 
homomorphism. Thus, this homomorphism induces the surjective homomorphism 
from V£ to Ml □ 

1.18. Finally, we consider an ^4-form of U q as follows. We use the same notations 
in 11.41 Let jJJ q be the ^4-subalgebra of U q generated by all ef\ / 4 , Kf , r, and 

. We also define the .4-subalgebra (resp. jifi ) °f U q generated by all 

. Then, an isomorphism = A ®z follows 
from Corollary 11.91 



Kt',0 
t 



e? ) (resp. if), Kf and j 
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2. Algebra S q 



Recall that P = ©^Zffi is the weight lattice of gl m . We can identify P with 
a set of m-tuple of integers Z m by the correspondence 

773 

i=l 

Under this identification, we use the notation A = (Ai, • • • , A m ) for A G P. Let A be 
a finite subset of P> = (^^Z^o^. In this section, we consider a certain quotient 
algebra S q = S q (A) of U q with respect to A. 

2.1. We define the associative algebra S q = S q (A) over /C with 1 by following 
generators and defining relations: 

generators: E^Fi (1 < i < m - 1), 1 A (A G A), r/ 1 (1 < i < m - 1, A G A), 
defining relations: 



2.1.1 



2.1.7 
2.1.8 

2.1.9 



= <^ia, 1a = 1, 



[2.1.2) 


r A l = 1 




[2.1.3) 


£Ja = < 


flA+ 
1° 


[2.1.4) 


PIa = < 


k 


[2.1.5) 


1a^ = < 


fel 
I 


[2.1.6) 


1a^ = < 


Vil; 

k 



Aevl 



otherwise 



otherwise 



otherwise 



otherwise 



A£yl 



£ i±1 £ 2 - (q + q~ 1 )E i Ei±iE i + £ 2 £ i±1 = 0, 

/•-',/•-;, /•-',/•-', (K-j|>2), 

F i±l F? -{q + q-^FiF^xFi + F*F i±1 = 0, 
F%Fj — FjF { (\i-j\>2). 

We can prove the following proposition in a similar way as in |Dol Proposition 
3.4]. 

Proposition 2.2. There exists a surjective homomorphism of algebras 

^:U q ^S q 
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such that ttfe) = E h = F h ^(Kf) = ExeA^ 1 ^ = ExeA^- 

Proof. In order to show that \1/ is well-defined, we should check the defining relations 
of U q in the images of and we see them in direct calculations. Note that = 
( YlueA T i) -'■a = ^(t^Ia by (12.1.21) . Thus, in order to prove that ^ is surjective, it 
is enough to show that 1a (A G A) is generated by the image of (i — 1, ■ • • , m). 
This will be proven in Lemma 12.31 

□ 



We define a partial order " >z " on P> by A >- fi if A ^ /x and A, > /ij for any 
z = 1, • • • , m. For A = (Ai, • • • , A m ) G /l, put 



(2.2.1] 







~K 2 ;0 




X>; o" 






. A 2 . 




Am 



Then we have the following lemma. 

Lemma 2.3. 

Ki\ 0] \ 

(1 < i < m, £ G Z> ) written as a linear combination of 



(i> * 



A G yl} wit/i Z -coefficients. 



(ii) For A G A, we /lave 

l A = *(lf A )+5]r M *(lf M ) (r M e2). 



/i6A 



Proof. In this proof, we denote ^/(^ ) by simply. Thus, we have .fC 
J2\&A 9 ±A '1a- For 1 < i < m, t G Z> and A G A, we have 



(2.3.1) 



Ki-,0 
t 



K ig - S+L - Kr q 
q s - q~ 



s-1 



qXi-s+l _ _(Ai-s+l) 
qs _ g-s 



n 

s=l 

t 

n 

8=1 

11 — w — 

8=1 1 J 

[A,][A. t -l]--.[A. t -t + l] 
[1] [2] •■■[*] 



Ai 
f 



lx if t < Ai 



if t > Xi. 
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Since 1 = J2\eA ^ anc ^ 
we have 



£ Z, we have (i). By the definition of K\ and (I2.3.ip . 



(2.3.2) 



MSA \j=l 



A, 



Since A is a finite set, there exists a maximal element A £ A with respect to the 
order il >z "• Thus, we have 1a = K\ when A is a maximal element of A by (I2.3.2p . 
By induction on A together with (I2.3.2p . we have (ii). □ 



Remark 2.4. For A = (Ai, • ■ • ,A m ) £ P> , set |A| = Yn=i X i- If A = i X e 
P>o | |A| = n} for some £ Z>o, we have fi )f A for any A,yU £ yl since > |A| if 
/i >- A. Thus, we have 1a = ^{K\) for any A £ A by Lemma [2.31 

2.5. Let (resp. 5~) be the subalgebra of S q generated by Ei (resp. FA for 
1 < i < m — 1, and let 5° be the subalgebra of S q generated by 1a for A £ A By 
Lemma I2~3"l it is clear that <S° (resp. S^) coincides with the image of U q (resp. U^) 
under the surjection \1/ in Proposition 12.21 

We consider the Q-g ra ding on S q arising from the grading on U q , namely we set 
deg Ei = ai, deg Fi = -an, deg 1 A = 0, degr^ = 0. 

For each A £ A and i — 1, ■ ■ ■ , m — 1, we take an element rj^ of <S q S q ■ 1\ such 
that deg(r?j A ) = 0. By the condition deg(?7 A ) = together with fl2.1.3p - fl2.1.6l) . we 
have r)l £ 1 A • S~S+ ■ l x . Moreover, again by fl2331) - fl2TL6l) . we have r/ A £ S~S° q S+. 
Put TjA = {Vi \1 < i < m — 1, \ €. A}. Let 2 VA be the two-sided ideal of S q generated 
by all r A — 77* (1 < i < m — 1, A £ A). We define the quotient algebra S q of S q by 

S q = S™=S q /T*. 

Let S q (resp. S^), be the image of S q (resp. S^) under the natural surjection 

S q — > S q . Under the map S q — > S q , we denote the image of Ei (resp. Fi, 1 A ) by the 
same symbol Ei (resp. Fi, 1 A ) again, and the image of r A by 77^. We denote the 
composition of \I> and the natural surjection S q — > 5 g by \l/ : f/q — > <S ? . Thus, we 
have tffc) = Ei, = *(<) = Ea^^U and tffa) = ExeA^i- 

Proposition 2.6. iS g has a triangular decomposition 

Sq = <S q SqSq- 

Moreover, the dimension of S q is finite. 
Proof. First, we show the following claim. 
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(Claim A) For 1 < i, jx, ■ ■ ■ , ji < m — 1, we have 



m— 1 



E i F jl ■ ■ ■ F jt = a kEk + b, 



k=l 



where a k G S q and b G S q S q . 

We prove this claim by induction on /. When I = 1, we have 



-Fji-E'i otherwise 



Since 77^ G <S Sq$t ^ we obtain the claim. When Z > 2, we have 



EF ■ ■ ■ F 



F^EiF^ ■ ■ ■ Fj t otherwise . 



Note that 7^ A G S~S q S q and deg^) = 0. Applying the induction hypothesis to the 
right hand side of this formula, we obtain the claim. 

For any « G 5,, we have u — u - 1 = J2x^a u '1a- Thus, in order to prove the 
first assertion of the proposition, we should show that 

(Claim B) u ■ 1\ G SqSq ' 1a for any u £ S q and A G A 

This claim implies that u G S~S q S q for any m G «S 9 by the relation (I2.1.3p . Hence, 
we show ( IClaim Bl) by the backword induction on A with respect to the order 
">". By (Claim A) combined with the relations (T2~l~Tj) and fl2Xk - fT2X6]) . for any 

u G S q and A G A, we have 

m— 1 

(2.6.1) u- 1 A = ^a fc E fc lA + &- 1a (a* G 5„ 6 G 

fc=i 

Clearly, 6 ■ 1 A G S~S q ■ \\. On the other hand, we have a k E k l\ = a k l\ +ak E k by 
f)2.1.3p . where we set l\+ ak — if A + a k ^ A. 

First, we assume that A is a maximal element of A. Then, for any k — 1, • • • , m — 
1, we have A + a k G" /l since A + a*,- > A in P and A is maximal in A. Thus, we have 
lA+a fc = for k — 1, • • • , m — 1. In this case, we have u ■ 1\ — b ■ 1\ G S q S q • 1a- 

Next, we assume that A is not maximal in /l, and that A + a;*; G A In this 
case, by the induction hypothesis, we have a k l\ +ak G S~S q ■ t\+a k - Thus we have 
a k^x+a k E k = a k E k l\ G SqSq ■ 1a- Combined with (12.6. ip . we obtain (IClaim Bp . 
thus the first assertion of the proposition is proven. 

Recall that S q is the subalgebra of S q generated by {1a I A G A}, and {1a 7^ 
I A G A} is a set of pairwise orthogonal idempotents. Thus, {1a 7^ | A G A} gives 
an /C-basis of S q . 
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On the other hand, a set {E^E^ ■ ■ ■ E^ | 1 < i 1; • • ■ , i t < m — 1, I > 0} gives a 
spanning set of S q over /C. Since 

E h ■ ■ ■ E k = ^2 (Eh ■ ■ ■ E%t U) 

= ^ ^lA+a 11 +-+a l; -E , u • • • Eij) , 

we have E ix • • • E^ — if the integer / is sufficient large. This implies that <Sj" 
is finitely generated over /C. Similarly, we see that S~ is finitely generated over 
/C. Combined with the triangular decomposition, we conclude that S q is finite 
dimensional. □ 

The following result was proved in the proof of the above proposition. 

Corollary 2.7. {1 A ^ | A G A} gives a JC-basis of S° q . 

2.8. For each A G A, we define the following subspaces of S q ; 

5q(> A) = {xl^y | x G <S~, y G S q , /i G yl such that /i > A}, 
S g (> A) = | x G <S~, y G S^, jj, E A such that /i > A}. 

By using the triangular decomposition and the defining relations of S q , one can 
easily check the following lemma. 

Lemma 2.9. For A G A, both of S q (> A) and S q (> A) are two-sided ideals of S q . 

2.10. Thanks to Lemma [2791 for X E A, S q (> X)/S q (> A) turns out to be an (S q , S q )- 
bimodule by multiplications. In general, it happens that S q (> A) = S q (> A). So, 
we take a subset A + = {A G A \ S q (> A) ^ S q (> A)} of A. It is clear that 

(2.10.1) A G A + if and only if 1 A £ <S 9 (> A). 

For A G we define a subspace A (A) of S q (> X)/S q (> A) by 

A(A) = S-.l A + $,(> A). 

Note that E^Ia = lA+afc-^fc G <S> 9 (> A) for k = 1, • • • , m — 1, together with the trian- 
gular decomposition, A(A) turns out to be a left iS Q -submodule of S q (> X)/S g (> A). 
Similarly, we can define a rig ht <S g -submodule A*(A) of S q (> \)/S q (> A) by 

A»(A) = l A -5+ + 5 ff (> A). 

For x G G <S+, we denote the coset of S q (> \)/S q (> A) containing xl\y by 

xl A y. Then, we denote an element of A(A) (resp. A"(A)) by xl A (x G S~) (resp. 
l\y (y G <5+)). It is clear that A(A) = <S g ■ 1 A and A tt (A) = 1 A ■ S q . We can check 
the following lemma immediately from the definitions. 
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Lemma 2.11. For A G A + , there exists a surjective homomorphism of (S q ,S q )- 
bimodules 

A(A) ® K A»(A)^S g (> X)/S q {> A) 
such that xl\ ® l x y h-» xl x y for x G S~, y G . @ 

2.12. As will be seen later, if the surjection in Lemma f2 . 1 1 1 gives an isomorphism for 
any A G A + and S q has a certain involution l, S q turns out to be a quasi-hereditary 
cellular algebra, and A(A) (A G A + ) is a left cell (standard) module of S q . In such a 
case, we can apply a general theory of (quasi-hereditary) cellular algebras. However, 
in general, we do not know whether A(A)®k: A"(A) is isomorphic to S q (> X)/S q (> A) 
or not (In fact, it happens that A(A)®£ A^A) is not isomorphic to S g (> X)/S q (> A). 
See Appendix O), and do not know whether S q has such an involution. Nevertheless, 
we develop a certain representation theory of S q which is almost similar to the theory 
of standardly based algebras in the sens of [DRlj . and also similar to the theory of 
cellular algebras (see e.g. [GLj . [M| ch.2]). 

2.13. For y G <S+ x G S~ and A G A + , we have l\yxl\ = l\l\ +a yx if deg(yx) = a. 
Thus, we have l\yxl\ = if deg(yx) = a^0. On the other hand, if deg {jjx) = 0, 
we can write 

(2.13.1) l x yxl x = r l X + Yl r XY l x XYl x (r , r XY G K) 

Yes+ ,xes~ 

dog(Y) = -dog(X)^0 

by investigating the degrees through the triangular decomposition. These imply, for 
y G S q , x G S q and A G A + , that we have 

l x yxl x = r yx l x mod S q (> A) (r yx G K). 

By using this formula, for A G A + , we can define a bilinear form ( , ) : A" (A) x 
A (A) — > K. such that 

(2.13.2) (1a2/> xl~ x )l x = l x yxl x mod S q (> A) for y G «S+, x G 5". 
For a G Q + , put 

Y Q = { (ii, i 2 , • • • ,h) | 1 < ii)*2, ' • • ,h < m_ l sucn that a^+a^H ha ifc = a}. 

From the definition, for (z 1; • ■ ■ , i k ) G T a , (j 1; • ■ ■ G (a, /3 G <3 + ), w e have 

(2.13.3) (l x E n ---E ik , F jl ---F jl l x ) = if a ^ (3. 
We have the following lemma. 

Lemma 2.14. For X G A + , we have the following formulas. 

(i) (y ■ u,x) = (y , u -x) for x G A(A), y G A tt (A ), u G S q . 

(ii) (F n ■ • ■ F lk l x E n ■ ■ ■ E h ) ■ x = (l x E n ■ ■ ■ E jt , x)F h ■ ■ ■ F ik l x 
for x G A(A) and F h ■ ■ ■ F ik l x E h ■ ■ -E jt G S q (> A). 
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Proof, (i) For x £ S~, y £ 5+ and u E S q , we have 

(T^/ • it , xTX)l A = Ia^Ia 

= (l x y, u ■ xl x )l\ mod S q (> A). 

(ii) For x <E S~ and F i± ■ ■ ■ F ik l x Ej 1 ■ ■ ■ E n £ 5 g (> A), we have 



(F n • • • F ik l A ^ • • • £ j; ) • xl A = F ix • • • i^ 1 A • • • E jlX l x ) 

= F il ---F ik (l x E jl ---E jl ,Wh)lx 
= (lA-Eji ■ • • Ej t , xIa)-^! • ■ ■ F ik l x . 

□ 

2.15. For A £ A + , let 

radA(A) = {x £ A(A) | (j/,2c> = for any y £ A tt (A)}, 
rad A tt (A) = {y £ A tt (A) | = for any x £ A(A)}. 

By Lemma [2.141 (i). radA(A) (resp. rad A" (A)) is a left (resp. right) iSq-submodule 
of A(A) (resp. A" (A)). Put L(A) = A(A)/rad A(A) and L«(A) = A«(A)/rad A»(A) 
We have the following theorem. This theorem is proven in a similar way as in the 
general theory of standardly based algebras or cellular algebras (see |DRlj . |GLj . 
[Ml Ch.2] ). ' 

Theorem 2.16. 

(i) For A £ A + , radA(A) (resp. rad A" (A) j is the unique proper maximal S q - 
submodule o/A(A) (resp. A"(A)j. Thus, L{\) (resp. L tt (A) y ) is a left (resp. 
right) absolutely simple S q -module. 

(ii) For A,yU £ A + , if L(/j,) (resp. Lr{jj)) is a composition factor o/A(A) (resp. 
A tt (A);, we have A > /i. 77ms, L(A) = L(//) (Vesp. L»(A) = L tt (//)j t/ and 
only if X = ii. Moreover, the multiplicity of L(X) (resp. Lfi(\)) in A(A) 
(resp. A$(\)) is equal to one. 

(hi) {L(X) J A £ ('resp. {^"(A) | A £ yl + } j groes a complete set of non- 

isomorphic left (resp. right) simple S q -modules. 
(iv) S q is semisimple if and only if A(A) = L(\) and A"(A) = £"(A) for any 

X £ A+. 

Proof. We prove the assertions only for left iS g -modules. The proof is similar for 
right iS g -modules. (i) It is clear that (l x , l x ) = 1. Thus, we have A(A) 2 rad A(A). 
For x £ A(A) \ rad A(A), there exists an element y £ A"(A) such that (y,x) ^ 0. 
Since ( , ) is a bilinear form over a field /C, we can suppose that (y,x) = 1. Let 

Wl>"- Jl)6T a 
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For t = F h ■ ■ ■ F lk l x e A(A), put 




eS q . 



(il>— ,3l)6To 
o6Q+ 



Then, we have 



= ^Z^u-,3i)( l \ E h ■ '-Eh » • • -Ei k lx (■•• Lemma EH (ii)) 



= (y,x)F h ■ •■FiJ.x 



- F h ■ ■■F ik lx- 



This implies that A(A) is generated by x as an ^-module. Since this fact holds 
for any x £ A(A) \ rad A(A), rad A(A) is the proper unique maximal submodule of 



(ii) For A £ A + , we have 1a • L(X) ^ since 1a ^ rad A(A). On the other hand, 
one sees easily that 1 M • A(A) = for any /x £ A such that /x ^ A. Thus, if L(/x) is 
a composition factor of A(A), we have 1 M • A(A) 7^ and /x < A. Moreover, one sees 
that 1a • rad A(A) = (note that 1a £" rad A(A)). This implies that L(X) does not 
appear in rad A(A) as a composition factor. Thus we have (ii). 

(hi) Let {A(i), A( 2 ), • • • ,\z)} be such that i < j if X^ > X(jy Put S q (X^) = 
12j<iSql*(j)Sq > then «S g (A(i)) turns out to be a two-sided ideal of S q . Thus, we have 
the following filtration of two-sided ideals. 



One sees easily that S q (Xu\) /S g (Xa-i\) = S q (> X^)/S q (> Xu\) as (S q , 5 g )-bimodules 
for Am £ A. Moreover, one can check that 

S q (X {i) ) ^ «S g (A(j_i)) if and only if 1 A( . } £" S q (> X {i) ) if and only if X {i) £ A + . 

Let A + = {A( C1 ), • • • , A( c ,)} such that i < j if q < Cj. Then, we have the following 
filtration of two-sided ideals. 



(2.16.2) S q = S q (\ M ) ^ ^(A^,) ^ • • • 3 <S g (A (ci> ) 3 <S 9 (A (co) ) = 



such that «Sq(A( Ci ))/«Sq(A( Cj _ 1 )) = S q (> A( Ci ))/5 g (> A (Ci) ) as (<S g , <Sq)-bimodules. 

By the filtration of S q in (12.16.21) and the surjective homomorphism of (S q ,S q )- 
bimodules A(A) ® K A*(A) -> <S g (> X)/S q (> A) for A £ A + in Lemma any 
composition factor of S q is a composition factor of A (A) for some A £ A + . Thus, it 
is enough to show that any composition factor of A(A) (A £ A + ) is isomorphic to 
L(/x) for some /x £ A + . We prove it by using the induction on A + . 

Let A £ A + be a minimal element with respect to the order "> ". We take 



x = ^2 r (ii,-,i k ) F n •■■E ik l\e radA(A). Put x = Y, r (h,- ,i k ) F h ■ ■ ■ F ik l x e S q (> A). 



A (A). 



(2.16.1) 



Sq = Sq(^(z)) ^ <S ? (A( Z _1)) D ■ ■ • D «S 9 (A(i)) D 5g(A(0>) = 0. 
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For ji G A + such that A ^ /i, we have S q {> /i) ■ x G 5q(> A) fl 5 g (> /i) C 5q(> A) 
since both of S q (> A) and S q (> fi) are two-sided ideals of S q and A is a minimal 
element of A + . This implies that S q (> fi) ■ x = for any /i G /1 + such that /i ^ A. 
On the other hand, for any F yi ■ • ■ F yb l\E Xl ■ ■ ■ E Xa G S q (> A), we have 

(F yi ■ ■ ■ F Vb l\E xl ■ ■ ■ E Xa ) ■ x = {l\E Xl ■ ■ ■ E Xa , x)F yi ■ ■ ■ F yb l x = 0, 

where the first equation follows Lemma [2.141 (ii), and the second equation follows 
x G rad A(A). This implies that S q (> X)-x = 0. Together with the above arguments, 
we have S q ■ x = 0. In particular, we have x = 1 • x = 0. This means that 
rad A(A) = 0, and we have A(A) = L(X). 

Next, we suppose that A G A + is not minimal. Put 

A) = V>+ and S q ($X) = ^2^l^. 

MSA /i6A 

One sees that S q (yt A) and S q {% A) are two-sided ideals of S q . It is clear that 
S q {% A) • A(A) = 0. Moreover, we see that S q {> A) ■ rad A(A) = in a similar way 
as in the above arguments. Thus, we have S q (<jt A) • rad A(A) = 0. This implies that 
the action of S q on radA(A) induces the action of S q /S q (<jt A) on radA(A). Thus, 
any composition factor of rad A(A) is a composition factor of S q /S q (<jt A). Moreover, 
we can take a total order of A such that S q (<jt A) = S q {\^)) for some k and that 
A/j\ < A for any j = k + 1, • • • , z. Thus, by Lemma 12.111 any composition factor 
of S q /S q (<jt A) is a composition factor of A(/i) for some /i G A + such that /i < A. 
By the induction hypothesis, we see that any composition factor of A(/i) such that 
/i < A is isomorphic to L[y) for some v G A + . It follows that any composition factor 
of rad A(A) is isomorphic to L[y) for some v G A + . Since A(A)/ rad A(A) = £(A), 
we obtain (iii). 

(iv) Suppose that S q is semisimple, then L(X) and L([i) (A ^ /i 6 A + ) belong 
to different blocks of S q . On the other hand, A(A) is indecomposable since A(A) 
has the unique top. Thus, all the composition factors of A (A) belong to the same 
block. This means that A(A) has only L(X) as composition factors, and we have 
A(A) = L(A) for any A G A + by (ii). We have A" (A) = L\X) for any A G A+ in a 
similar way. 

Next we suppose that A(A) = L(X) and A" (A) = L tt (A) for any A G A + . Then, 
the surjective homomorphism of (S q , 5 g )-bimodules A(A) ®jt A" (A) — > S q (> X)/S q (> 
A) in Lemma 12.111 must be isomorphic. Thus, the filtration (12.16.21) implies that 

diimcS g = ^(dim^A(A)) 2 . 

xeA+ 



(dim^L(A) = dim^L"(A) will be prove in Lemma 13.81 ) This implies that S q is 
semisimple. □ 
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2.17. Let (resp. Sf°) be the subalgebra of S q generated by <S+ (resp. S q ) and 
Thus, iS^° (resp. <S^°) is generated by Ei (resp. Fj) for i = 1, • • • , m — 1 and 1 A 
for A G A For A G /l such that 1a 7^ in «S g , let 9\ = Kv\ be the one dimensional 
vector space with a basis V\. We define a left action of 5^° on 9\ by 

1 M • v \ = 5a m ^a, -Ei • = for n E A and z = 1, • • • , m - 1. 

One can check that this action is well-defined for A G A such that 1a 7^ 0. Similarly, 
we define a right action of on 9\ by 

■ 1/j = <$A M fA, Ua • -^i = for ^ G A and z = 1, ■ ■ • , m - 1. 

We have the following theorem. ( A similar theorem for cyclotomic g-Schur algebras 
has been obtained by |DR2j . The proof given here is similar to the proof given in 

[DR2]. ) 

Theorem 2.18. 

(i) {1a I A G A such that 1\ 7^ 0} is the complete set of primitive idempotents in 
Sf° andSf . 

(ii) {6\ I A G A such that 1a 7^ 0} is a complete set of non-isomorphic simple left 

-modules, and of non-isomorphic simple right '-modules. 
(hi) For A G A such that 1a 7^ 0, we have the following isomorphism of left 



S q -modules. 



S q ® s >o 9\ 



A(A) if\eA + , 
I otherwise. 



(iv) For A G A such that 1\ 7^ 0, we have the following isomorphism of right 



S q -modules. 



D 5 <o S q 



|A«(A) z/AGyl + , 
1 otherwise. 



Proof. We show the theorem only for S^°. The proof is similar for <S^°. Note that 

Ia-Z^i • • • E ik l\ = l\l\ +aii+ ... +aik E il ■ ■ ■ E ik = 

for 1 < ii, • • • jifi < m — 1, k > 1. Thus, for A G A such that 1a 7^ 0, we have 
1a«S^°1a = /CI a- This implies that 1a is a primitive idempotent of since 
1 a <S 3 -°1a = End 5 >o(5f°l A ), and dim K End 5 >o(«S^°l A ) > 2 if 1 A is not primitive. 
Moreover, we have 1 = ^ XeA l\, and so {1a | A G A such that 1 A 7^ 0} is the com- 
plete set of primitive idempotents in S^°. Thus, for A G A such that 1a 7^ 0, 
©a = Sf° 1a is a principal indecomposable <S^ -module. By investigating the de- 
grees, ■ (xl\) is a proper «S^°-submodule of 0a for any x G S q such that x 7^ 1. 
This implies that 0A/Rad0A — 9\. Now, we proved (i) and (ii). 
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Next, we prove (iii). If A ^ A~^~, we can write 1 A — ^^ X £S~ y&s + fi>\^ x >y^ ^A^V m 
S q . Thus, we have 

1®0 A = ^1„®0 A = 1 A <8>0 A = r x , ytlM xl fl y®9 x = 0. 

This implies that S g ® 5 >o A = S q ■ (1 ® A ) = 0. Hence, we suppose that A G A + . 
Note that A(A) is generated by an element 1 A) and that S q ® 5 >o A is generated by 
l<S>Vx as <Sq-modules. We define a map fx : A (A) — > S q ® s >o9\ by u ■ 1 A i— > u®v\ for 
u £ S q . One can check that / A gives a well-defined iSg-homomorphism. On the other 
hand, we define the map g\ : S q x 9\ ^ A(A) by (it, rt> A ) i— > rw • 1^ for w G S q , r G /C. 
One can check that <7 A gives a well-defined 5^°-balanced map. Thus, g\ induces an 
iSg-homomorphism g x : <S 9 <S> 5 >o 0a - ► A (A) such that w <E> v a t— > it • 1 A . Thus, (iii) is 
proved. □ 

2.19. For given t]a = {f]^ \1 < i < m — 1, AG /l}, where ^ G iS~iS+l A such that 
deg(?7 J A ) = 0, we take rji G U~U®U+ (1 < z < m - 1) such that vp^j) = Y.\eAVi> 
and put ?7 = (?7i, • • • , r/ m _i). 

On the other hand, for given r] — (rji, ■ ■ ■ , r/ m _i), where r]i G U~U®Uq such that 

deg (r/i) = 0, and for given A C P, set 77^ = ^ r (^j)l A (1 < i < m-1, A 6 A), and 
put ?7/i = |l<z<m — 1, AG A}. 

Under this correspondence, we have the following theorem. 

Theorem 2.20. 

(i) Let S^ A -mod be the category of finite dimensional left AP A -modules. Then 
S^ A -mod is a full subcategory of O v . In particular, when we regard a S^ A - 

module as a U q -module through the surjection $ : U q — > S^ A , A(A) (A G A + ) 
is a highest weight module, and L(X) (A G A + ) is a simple highest weight 
module with a highest weight A associated to r\. 

(ii) For each M G O v , if the set of weight A such that M\ ^ is contained 
in A, then we have M G S^ A -mod, where we regard the S^ A -mod as a full 
subcategory of O v by (i). In particular, any simple object of O v is obtained 
as in Theorem \2.16[ through the quotient algebra S^ A for a suitable A C P>q, 
where the choice of A depends on the simple object of O v . 

(iii) O v is a full subcategory of O v tri . 

Proof, (i) is clear through the surjection $ : U q —>■ S^ A , and by the definitions of 
A(A) and L(X). 

We prove (ii). For M G O v , put A M = {A G P> \ M x 0}. (Note that M A = 
unless A G P>o by the condition (e) in the definition of O v .) Since the dimension of 
M is finite, Am is a finite set. We take a finite subset A of P> such that Am C A. 
Then, we can define an action of S^ A on M as follows; 

Ei ■ m = e, • m for 1 < i < m — 1, m G M, 
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Fi ■ m = fi ■ m for I < i < m — 1 , m G M, 

1\ • m — Sxfifn for A G A, m G M M . 

One can check that this action is well-defined by using the defining relations of U q 
and the definition of O n . We denote this iS^ 71 -module by M . When we regard M A 

as a [/^-module through the surjection M A coincides with M. This implies that 
M G iS^-mod. Now, the last assertion of (ii) is clear. 

Since SI 1 * has the triangular decomposition compatible with that of U q , (iii) 
follows from (ii). □ 



2.21. We define an algebra anti-automorphism i : S q — > S q by i(Ei) = Fi, t(Fi) = 
Ei, = 1a and l(t^) = tA for % — 1, • • • , m — 1 and A G A. We can easily check 
that i is well-defined. We consider the following conditions; 

(C-l) L(f]i) = r]i for any % = 1, • • • , m — 1 and A G A 

(C-2) A(A) ® K A fl (A) = S q (> X)/S q {> A) as (<S ? , 5 9 )-bimodules for any A G A + . 

Thanks to the condition (C-l), i induces a well-defined algebra anti-automorphism 
on S q . In view of the Lemma \2. Ill the condition (C-2) is equivalent to the following 
condition; 

(C-2) Vhy e S q (> A) r av xl\®hy = 0e A(A) ^ A«(A). 

x£Sq,y£Sq x£Sq,y&Sf 



It is clear that 



u £ <Sq(> A) if and only if i(u) G S q (> A), 
u G S q (> A) if and only if l(u) G <S 9 (> A). 



This implies that A (A) 3 x \— > t(x) G A" (A) gives an isomorphism of /C- vector 
spaces. We consider the filtration of S q in ( 12. 16.2ft . Recall that 

5 g(A( Ci >)/«5 g (A (c ._ l) ) ^ <S ? (> A (ci) )/<S g (> A (cj) ) as (5„ S 9 )-bimodules. 

Under the condition (C-l) and (C-2), we have the following commutative diagram; 

S q (X {ci) )/S q (X {ci _ l} ) - A(A (ci) )®x:A»(A (ci> ) 



«5 ? (A (ci) )/5 ? (A (ci _ l) ) - A(A (Ci) )%A»(A 



This implies that «Sq(A( Ci ))/«S 9 (A( Ci _ 1 )) is a cell ideal of S q /S q (X^_ 1 ' ) ) in the sense 
of [KXj . Thus, S q turns out to be a cellular algebra (see [KX1 Definition 3.2]), 
and A(A) (A G A + ) gives a cell module of S q . Moreover, we already know that 
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{L(A) | A £ A + } gives a complete set of non-isomorphic simple ^-modules. Thus, 
we have the following theorem. 

Theorem 2.22. If S q satisfies the conditions (C-l) and (C-2), S q is a quasi- 
hereditary cellular algebra. 

§ 3. Specialization to an arbitrary ring 

In this section, we define an A-form A S q of S q , and we consider a specialization 
i{S q of A S q to an arbitrary ring R. We will assume some conditions on the choice 
of {r)i | 1 < i < m — 1, A £ A} so that, in the case where R is a field, we obtain the 
properties of rS q which are similar to those obtained in the previous section, and 
are compatible with the case where R = /C. 

3.1. Put E*i k) = Ef/[k]\, F. (fc) = if /[A;]!. Let A S q be the A-subalgebra of S q 
generated by Ef \ F^ k) (1^ < i < m - 1, k > 1) and 1 A (A £ A). Note that, by 
Lemma [2.31 we have fy( A U q ) = A S q . 

Let A S+ (resp. be the A-subalgebra of A S q generated by (resp. F^) 

for 1 < i < m — 1, k > 0, and be the A-subalgebra of A S q generated by 
1a for A £ A. As we have seen in section |2j S q has the triangular decomposition 
S q = S~SqSq over JC. However, it may happen that such relations break over 
A. Hence, the triangular decomposition will hold over A so that we consider the 
following condition 

(A-l) E^ k) FP £ A S~ A S° q A S+ for 1 < i < m - 1, k, I > 1. 

Under this assumption, we can prove the following proposition by replacing Ei, Fj 

(1 < h J ' < m — 1) with divided powers E\ k \ Fj (1 < i, j < m — 1, k, I > 1) in the 
proof of Proposition 12.61 

Proposition 3.2. Suppose that (A-l) holds. Then A S q has a triangular decompo- 
sition 

A$q — A<Sq A<Sq A<Sq ■ 

Moreover, A S q is finitely generated over A. 

In the rest of this section, we always assume the condition (A-l). 

3.3. Let R be an arbitrary ring, and we take £o; £i> ■ ' ' > £r S R, where £o is invertible 
in R. We regard R as an ^4-module by the homomorphism of rings n : A — > R 
such that q \— > £ 0) ^ i— ► ^ (1 < i < r). Then, we obtain the specialized algebra 
R <& A A S q of A S q through the homomorphism n. We denote it by rS q , and denote 
l®x £ R<3 A A S q simply by x if it does not cause any confusion. Let RSq (resp. rS~) 

be the i?-subalgebra of nS q generated by 1 ® E^ (resp. 1 (g) F^) for 1 < i < m — 1, 
k > 0, and rS® be the i?-subalgebra of uS q generated by 1 ® 1a for A £ A. By 
Proposition 13.21 we have the triangular decomposition 

B<S q = R<Sq R<S q r<S^. 
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Thanks to the triangular decomposition, we have the following results which are 
similar to the case over /C. For A G A, let 

RSq(> A) = {xl^y | x G R S~, y G R S+, /x G A such that // > A}, 
h«5 9 (> A) = {ccl^y | x G ?/ G R S+, /i e A such that ,u > A}. 



Then, R S q (> A) and rS q (> A) are two-sided ideals of rS q . Put 

= {XeA\ R S g (> A) ^ K 5 g (> A)} = {X e A\l x ^ R S g (> A)}. 

For A G we define a left (resp. right) ^iS g -submodule R A(X) (resp. ^A^(A))) 

of W> X)/ R S q (>X)by 

R A(X) = R S; ■ 1 A + R S q (> A), fl A»(A) = 1 A • R S+ + R S q (> A). 

Let _riS^° (resp. R Sf°) be the subalgebra of R S q generated by rS^ (resp. R S~) and 
/}iS°. For A G A such that 1a ^ in ^iS g , let 6\ = Rv\ be the free .R-module with a 
basis v\. We define the left action of rS^° on 6* a by 

1^ ■ i>\ = dx^vx, E\ k ' ■ v\ — for /x G yl, i — 1, ■ ■ - , m — 1 and k > 1. 
Similarly, we define a right action of #<S^° on 6*a by 

V\ ■ 1 M = dx^vx, vx ■ iy =0 for /x G vl, i = 1, • • • , m — 1 and fc > 1. 

We have the following theorem which is shown in a similar way as in the proof 
of Theorem 12.181 

Theorem 3.4. 

(i) {1a I A G A such that 1a 7^ 0} is the complete set of primitive idempotents in 
R S}° and R Sf°. 

(ii) {#a I A G A such that 1a 7^ 0} is a complete set of non-isomorphic simple left 
rS^- -modules, and of non-isomorphic simple right rS^ -modules. 

(hi) For A 6 A such that 1a 7^ 0, we have the following isomorphism of left (resp. 
right) RS q -modules. 



RS q ® c>o &\ 

R^q 



,«A(A) ifXe R A + , 



q otherwise, 



R A*(X) tfXe R A+, 
otherwise. 
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3.5. For A £ rA + , we can define a bilinear form ( , ) : R A$(X) x _rA(A) — > i? such 
that 



(1*2/, x1 a )1a = l\yxl\ mod B <S 9 (> A) for x £ R S q ,y <E R S q . 

Put rad flA(A) = {a 1 £ rA(A) | (y, x) = for any y £ B A"(A)}, and put R L(X) = 
H A(A)/rad «A(A). Similarly, put rad R A 9 (X) = {y £ K A tt (A) | (y, x) = for any x £ 
j rA(A)}, and put rL "(A) = #A"(A)/ rad fl A"(A). Then, one can prove the follow- 
ing theorem by replacing Ei, Fj (1 < i, j < m — 1) with divided powers £7- ■ , F- 
(1 < *i 3 ' <• m — 1) k, I > 1) in the proof of Theorem 12.161 

Theorem 3.6. Suppose that R is a field. Then we have the followimgs. 

(i) For A £ rA + , rad R A(X), (resp. rad R A»(X)) is a unique proper maximal 
submodule of R A{X) (Vesp. #A"(A)j. TTras, rL(X) (resp. rL*(\)) is an 
absolutely simple left (resp. right) RS q -module. 
iii) For A, fi £ «/ rL((i) (resp. rIJ(h)) is a composition factor of rA(X) 

(resp. rA^(X)), we have X > \i. Thus, rL(X) = rL([i) if and only if X = fi. 
Moreover, the multiplicity of rL(X) (resp. R L$(X)) in r A(X) (resp. R A^(X)) 
is equal to one. 

(iii) { R L(X)\X £ R A + } (resp. { R L^(X)\X £ R A + } ) gives a complete set of 
non-isomorphic left (resp. right) simple R S q -modules. 

(iv) R S q is semisimple if and only if R A(X) = R L(X) and B A"(A) = rL^(X) for 
any X £ A + . 

3.7. Throughout the rest of this section, we assume that R is a field. Since 
rad rA^(X) x rad R A(X) is included in the kernel of the bilinear form ( , ) : R A^(X) x 
R A(X) — > R, ( , ) induces a bilinear form on R L\X) x r L(X). Clearly, this bilinear 
form is non-degenerate on R L^(X) x R L(X). We regard Hohir( r L$(X), R) as an left 
ij^-module by the standard way. Thanks to the associativity of the bilinear form 
(, ) (Lemma 12.141 (i)). the i?-homomorphism G : R L(X) — ■> Hom^( R L^(X), R) given 
by x i— > (— ,x) turns out to be an R^-homomorphism. Since ( , ) is non-degenerate 
on R L^(X) x R L(X), the homomorphism G is not a 0-map. Hence, G is an isomor- 
phism of left ij5q-modules since both of R L(X) and Hohir( r L^(X), R) are simple. 
Thus, we have the following lemma (a similar argument holds for R L^(X)). 

Lemma 3.8. Suppose that R is a field. For X £ rA + , we have the following 
isomorphisms. 

(i) rL(X) = Hom R ( R L$(X), R) as left R S q -modules. 
iii) R L^(X) = Hohir( r L(X), R) as right R S q -modules. 

In particular, we have diniR R L(X) = dim R R L^(X). 

3.9. For A £ R A + , let R P(X) be the projective cover of R L(X). For X, fi £ R A + , 
we denote the multiplicity of R L(fi) in the composition series of R P(X) by [ R P(X) : 
rL(/S)]. Similarly, we denote the multiplicity of rL(^) (resp. rL$([i)) in the compo- 
sition series of R A (A) (resp. fl A»(A)) by [ R A(X) : R L(ji)] (resp. [ B A»(A) : R L*(\j\). 
We have the following relation concerning with these multiplicities. 
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Lemma 3.10. Suppose that R is a field. For A, \i G rA + , we have 

[ R p{\) : R L{fi)\ s E [« A H : ^MH^'M : ^(A)]. 

Proof. In the proof, we omit the subscript R as we always consider the objects over 
R. Let A + = {A(i), • • • , A< z )} be such that i < j if A^} > A (,,•}. Then we have the 
following nitrations of two-sided ideals, 

(3.10.1) S q = S q (\ (z) ) ^ ^(A^d) ^ • ■ • ^ 5 ff ( A(1> ) D <S g (A (0> ) = 

such that «S g (A(j))/«S g (A(i_i\) = 5 g (> X^y)/S g (> Xu\) as <S 9 -bimodules. Since -P(A) 
is a left projective ^-module, the filtration (13. 10. lj) gives the following filtration of 
left 5 g -modules. 

P(A) = M z D D • • • D Mi D M = 

such that Mi/Mi-! = (S q (> \ {i) )/S q (> A (i> )) ®s 9 P(A). This implies that 

(3.10.2) [P(A) : Lfo)] = £ [&(> ")) ®5 9 P(A) : L(ji)]. 

ueA+ 

Since there exists a surjection A(z/) ® R A"(z/) — * iS g (> u)/S q {> v) of iSg-bimodules, 
(13.10. 21) implies that 

[P(A) : m\ S £ [A(i/) ® fl A«(,) ® 5? P(A) : L(/i)]. 

Thus, we should prove that 

[A(u) ® R A«(i/) P(A) : L(//)] = [A(rz) : L(/*)][A»(i/) : L»(A)]. 

Since 

[A(z/) ® fl A«(z/) P(A) : L(im)] = [A(u) : LQi)] ■ dim* (A»(z/) P(A)), 

it is enough to show that dim* (A"(^) ® R s q P(A)) = [A*(i/) : L«(A)]. By a standard 
theory of finite dimensional algebras over a field, we have 

dim* (A«(r/) ® 5g P(A)) = dim* (Horn* ((A«(z/) ® 5g P(A),P)) 

= dim* ( Hom 5g (P(A), Hom*(A#(z/), P))) 
= [Hom K (A»(z/),P):L(A)] 

= [Hom*(AV),#) : Hom*(L a (A),P)] ( Lemma EH) 
= [A"(v) : L»(A)]. 
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Now the lemma is proven. □ 

3.11. For A G rA + , rA(A) is an indecomposable RiSq-module since _rA(A) has the 
unique top. Thus, all the composition factors of rA(A) belong to the same block of 

For A, ji G rA + , we denote by A ~ /i if there exists a sequence A = Ao, Ai, ■ • • , A& = 
/i (A,, G rA + ) such that #A(Aj_i) and R A(A;) (1 < % < k) have a common composi- 
tion factor. Clearly, "~" gives an equivalent relation on rA + , and _rA(A) and ijA(/i) 
belong to the same block if A ~ fi. If rS q satisfies the condition (C-l), one can prove 
that the converse is also true. To prove it, we prepare the following lemma. 

Lemma 3.12. Suppose that R is a field. If RS q satisfies the condition (C-l), we 
have 

[ R A(X): rL^)] = [ r A\\): r L^)\. 

Proof. Thanks to (C-l), we can define an isomorphism of i?-modules i : rA[X) — > 
rA^(X) via x i — ► l(x). For y G rS^ and x G rS~ we have 

(l x y,xl x )l\ = l\yxl x = lxL(x)i(y)l x = (l\t(x) , t(y)l A )l A mod R S q (> A). 

Thus, we have (y, x) = (l(x), t(y)) for any x G rA(X) and y G A^A). This implies 
that rad rA^X) = (T( x) | x G rad ^A(A)}. Therefore, l : _rA(A) — > rA^(X) induces 
an .R-isomorphism R L(X) -> rL^X). Let R A(X) = M ^ M 1 ^ • • • ^ M k ^ be 
a composition series of rA(A) such that Mj_i/Mj = #L(/ij). By investigating the 
action of RS q , we see that t( R A(X)) = i{Mq) 3 /.(Afi) 3 • ■ • 3 i{M k ) ^ gives a 
composition series of ^A^A) such that t(Mj_!)/t(Mj) = R L^(fii). This implies the 
lemma. □ 

We have the following theorem. 

Theorem 3.13. Suppose that R is a field. If rS q satisfies the condition (C-l), 
then A ~ \i if and only if rA(X) and _rA(/i) belong to the same block of rS q for 
A,/i G R A + . 

Proof. As we have already seen the "only if " part, we prove the "if " part. Assume 
that _rA(A) and rA(/i) belong to the same block. Then rP(X) and rP([i) belong 
to the same block. Thus, there exists a sequence A = Ao,Ai,--- , A& = /i (A.; G 
rA + ) such that rP(Xi-i) and rP(Xi) (1 < % < k) have a common composition 
factor RL(fii). By Lemma 13.10} there exists u^i^ G rA + (1 < i < k) such that 
[«A(i/,) : R L{^)} + 0, [rA\v % ) : rL\\_ x )\ ± 0, [«A(«0 : R L{^)\ + 0, ^A^) : 
Rl}{Xi)\ ^ 0. Combined with Lemma 13.121 we have 

Ai-i ~ z/j ~ /ij ~ z/- ~ Ai 

for each 1 < i < fc. Thus we have A ~ fi. 

□ 
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3.14. Finally, we consider the following condition; 

(A-2) For any A G A A + , .a A (A) is a free A- module, and 

aA(A) ® a aA^X) A S q (> X)/ A S q (> A) as ( A S q , ^)-bimodules. 

We have the following theorem. 

Theorem 3.15. Suppose that the conditions (A-l), (A-2) and (C-l) hold. Then, for 
an arbitrary ring R and parameters £o, £i, • ■ ■ , 6r £ R, R<Sq is a cellular algebra with 
respect to the poset A + . In particular, when R is a field, ^S q is a quasi- hereditary 
cellular algebra. 

Proof. Thanks to (C-l), the map A A(X) 9ih l(x) G ^A"(A) gives an isomorphism 
of ^.-modules. Thus, (A-2) implies that ^A^(A) is a free A- module. Now, we can 
prove that A S q is a cellular algebra with respect to the poset A A + in a similar way 
as in the case over /C (Theorem I2.22j) . and A A{\) (A G A A + ) is a (left) cell module 
of A S q . Thus, for any ring R, R S q is a cellular algebra with respect to the poset 
A A + , and R <S> A A A(X) (A G A A + ) is a cell module of RS q . 

From now on, we assume that R is a field. It is clear that 1 ® 1> G rS q {> A) if 
1a G A S q (> A). This implies that rA + C a A + . Since R ® A ^A(A) has an element 
1 <g) U, we have that rad [R A A A(\)) ^ R ® A A A(X) for any A G A A + . This 
implies that rS q is quasi-hereditary, and that the number of isomorphism classes 
of simple #<5> g -modules is equal to A A + by the general theory of cellular algebras. 
On the other hand, we know that the number of isomorphism classes of simple rS q - 
modules is equal to rA + by Theorem l3.6l Thus, we have rA + = A A + . In particular, 
we have A A + = A + when R = JC. □ 



^.-subalgebra of U q generated by all ej, fi, r,, 



For A S%, we can take r] A , 



Remarks 3.16. (i) Let A S^ = A S^(A) be the .A-subalgebra of S q generated 
by Ei, Fi,l\,rf for 1 < i < m — 1,A G A Clearly, A S^ is isomorphic to the 
associative algebra over A defined by generators E it Fi, 1\, and defining relations 
(j2.1.ip - (j2.1.9j) . Moreover, A S^ is a homomorphic image of A U\, where A U^ is the 

t 

and we can define the quotient algebra A S^ = A S q ]r ' A as the case of S^ A (in this case, 
the condition (A-l) for A S^ to have the triangular decomposition is unnecessary 
since we do not take a divided power). For an arbitrary ring R and parameters 
£o)£ij ' ' ' we take the specialized algebra rS^ = R <& A A<S q - Then, for R S^, one 
can apply similar arguments as in the case of nS q . In particular, similar results to 
Theorem 13.41 Theorem 13.61 Theorem 13. 131 and Theorem 13. 151 hold for rS^. However, 
rS^ is different from RS q in general. 

(ii) For any Cartan matrix of finite type, one can define the algebra U q and its 
quotient algebra S q associated to a given Cartan matrix in a similar way. In this 
case, we should take a weight lattice P whose rank is equal to the rank of the root 
lattice, and we take a finite subset A of P to define the quotient algebra S g without 
taking a subset of P such as P>o- We should use a similar arguments as in the proof 
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of [Pol Lemma 3.2] instead of Lemma [2731 in order to prove a similar statement as in 
Proposition 12. 2[ We also remove the condition (e) from the definition of O v . Then, 
we have all statements in §2] and $3] corresponding to a given Cartan matrix. 

§ 4. Review on g-ScHUR algebras of type A 

4.1. Let n,m be positive integers, and A n> \ be the set of compositions of n with m 
parts, namely 

= {a* = G"i> • • ' > Hm) G Z>o | 1" A*m = n). 

We regard as a subset of P by the injective map from A n i to P given by 
/i = (/ii, ■■■ , /i m ) i ► Xliii Tnus ' for A 1 = (A*i> • • " > /^m) e and on (1 < i < 
m — 1), we have 

|U ± (Xi — (pi, ■ ■ ■ , fli ± 1, fl i+ i =F 1, /ij+2, • • ■ , /im). 

For /i G Ai,i> the diagram of /i is the set [//] = G N x N | 1 < j < /ij, 1 < 

i < m}, and a /i-tableau is a bijection t : [/i] — > {1, 2, • • • , n}. Let P be the /i-tableau 
in which the integers 1, 2, • • • , n are attached in the way from left to right, and top 
to bottom in \p] . The symmetric group & n acts on the set of /i-tableaux from right 
by permuting the integers attached in \p]. For iz, v G A ni i, a /i-tableau of type v 
is a map T : [p] — > {1, • • • , m} such that u,i = jj{a; G [ii] | T(a;) = z}. For /i, z/ and 
/i-tableau t, let be a /i-tableau of type v obtained by replacing each entry i in 
t by k if i appear in the k-th row of t u . 

For ii G Ai,ij let b e the Young subgroup of (5 n corresponding to /i, and 
^ be the set of distinguished representatives of right (5 M -cosets. For /i, v G /l n ,i, 
■^1/ = ^H is the set of distinguished representatives of (5 M -£v double cosets. 

4.2. Let i? be an integral domain, and q be an invertible element in R. The 
Iwahori-Hecke algebra R^ n of the symmetric group & n is the associative algebra 
over R generated by T 1; • • • , T n _ x with the following defining relations; 

fr-q^ + q- 1 ) (l<i<n-l), 
TiT i+1 Ti = T i+1 TiT i+ i (1 < z < n - 2), 

T i T j =T j T i (\i-j\>2). 

For ii? G (5„, we denote by the length of w, and by T„, the standard 
basis of R.y? n corresponding to w. We define an anti- automorphism * : Rj^ n 3 
x i— ► x* G by T/ = Tj for i = 1, • • • ,n — 1. Thus, we have T* = T w -i for 

w G <5„. For /i G se t = J2 w e&^ ^ W 'T W , and we define the right ^J^-module 
M M = x M • rJ^u- The g-Schur algebra r^^i associated to r-j^l is defined by 

^ nil = End^( M"). 
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The following lemma is well known (see e.g. [Ml 4.6]). 

Lemma 4.3. For fj,,u G K,! and d G % v , let T = ■ d), S = fi(t u ■ d' 1 ). Then 
we have 

E i e{y)T ;^= E t t{w)T »= E <P m)x iF*- 

Thanks to this lemma, for /i, v G A n ^\ and d G we can define an R,^f n - 

module homomorphism ip^ v : M v — > M M by 

= ( ]T ^z^) -h (he R je n ). 

y(tM.a;) = T 

We extend this homomorphism to an element of _R^ n ,i by i\) d v {jn T ^) = for m T G M T 
with r G /l n ,i such that r ^ v. It is known that {ip^ v \ fi, v G Ai,i> <i G gives a 

free i?-basis of rS^^x (see [Ml Theorem 4.7]). 

4.4. Next, we define the Borel subalgebras of R^ n ,i following [DR2j . Let I(m,n) = 
{i = (ii, • • • , i n ) 1 1 < if. < m for 1 < k < n}. & n acts on I(m,n) from right by 
i • w = (z'tu(i), • • • , i w (n)) f° r i — (h, • • " j^n) £ I(m,n) and u> G (5„. We define a 
partial order [ V" on /(m, n) by 

• • • , in) h (ji, ■ • • ,jn) if and only if i k > j k for all k = 1, • • • , n. 

For A G Ai,i> put 

i A = (1, ■ - , 1, 2, ■ • • ,2 , • ■ ■ , m, ■ • • ,m ). 

Aiterms A2terms A m tcrms 

For ji G A n> i, we set 

fif = {(A, d) | A G A n> i,d G ^a/j such that • d h v}, 
f2f (/i) = {(A, d) | A G Ai,i> d G 5?am such that • d ^ i^}. 

Let R^j^i be the free i?-submodule of R^ n ^ spanned by {ipf ^ | (A, d) G fif (//), /x G 
/l„,,i}, and rS^^i be the free -R-submodule of #=5^,1 spanned by ^ | (A, d) G 
fifO*), G yl n ,i}. By [DR2l Theorem 2.3], ^J?^ (resp. ^J^ ) becomes a subal- 
gebra of R y n>1 . 

4.5. We denote Q( g )^ re ,i (resp. q^J^i, q( 9 )^i°) simply by ^ (resp. =5^-°, S"^). 
The following theorem is known by several authors. 

Theorem 4.6 ([Jj, [Du], [PW],[DR2], [DP] ). 

(i) There exists a surjective homomorphism of algebras 
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(ii) By restricting p to B ± , we have the surjective homomorphisms 

p\ B+ : B + -> p\ B - : Br -» 

(iii) f?f/ restricting p to z U q , we have the surjective homomorphism 

p\ z U q '■ zU q —> Z<?n,l- 

(iv) By restricting p to zB ± , we have the surjective homomorphisms 

P\ Z B+ '■ zB + — > Z^n^, P\ Z B- ■ zB~ — > Z^nl- 

We can describe precisely the image of generators of U q under the homomorphism 
p in Theorem 14.61 as follows. 

Proposition 4.7 ([52]). 

(i) For Ci (1 < i < m — 1), we have 

pie,) = E 9" mi+ V^ , 

where if p + a, £ A n>1 , we define i>l +oli „ = 0. 

(ii) For fi (1 < % < m — 1), we have 

p(fi) = E ^vj-o^ , 

where if p — a>i $ A\, we define ^\^ aiili = 0. 

(iii) For Kf (1 < z < m), we have 



Clearly, t^ 1 is an identity map on M M . 
Proof. See Appendix |X] □ 



4.8. By Theorem 14 .6[ the g-Schur algebra S^ n> i is a quotient algebra of U g . Thus, 
=5^1 is generated by the generators of U q . In [DG] . Doty and Giaquinto described 
the kernel of the surjection p : U q — > y n> \ precisely. Moreover, they also gave a 
presentation of the g-Schur algebra z^n,i over Z. 

Theorem 4.9 ((E3 Theorem 3.1, Theorem 3.3]). 

(i) T/ie q-Schur algebra S? n ^ is isomorphic to the associative algebra over Q(q) 
generated by e^fi (1 < % < m — 1) and Kf (1 < i < m) with the defining 
relations ( \1.2.1\) - (\1.2.6i) together with the following two relations. 

(4.9.1) K 1 K 2 ---K m = q n , 
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(4.9.2) 
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(Ki - l)(Ki - q){Ki - q 2 ) ■ ■ ■ (Ki - q n ) = 0. 



(ii) z^ni i> s the Z-subalgebra of \9' nT generated by all e[ k \ f- k \ Kf and ^ 

for 1 < i < m — 1, 1 < j < m, k > 1, t > 1. 

In |DG] . they gave an alternative presentation of by generators and relations 
as follows. 

Theorem 4.10 ((E3 Theorem 3.4]). 

(i) The q-Schur algebra J^i is isomorphic to an associative algebra over Q(q) 
generated by Ei,Fi (1 < % < m — 1) and 1\ (A G vl n ,i) with the following 
defining relations: 

IaV = <5a^1a, 1a = 1, 



EA 



i-i-A 



FA 



i-LA 




Ae/l n ,i 

i/ A + «i G yl^i, 
otherwise , 

if \ — (Xi G A n; i, 
otherwise , 

if \ — ati G /l„,,i, 
otherwise , 



i/ A + aj G yl„,i, 
otherwise , 



1a^ = 

EjFj — Fj-E'i = ^ [Aj — Aj + i]l> 

Ae/l„,i 

Sfct!^? - (g + q~ 1 )E i E i±1 E i + E 2 E i±1 = 
E i E j = E j E i (\i-j\>2) 
F i±1 Ff -{q + q-^FiF^Fi + F?F l±1 = 
FiFj^FjFi (\i-j\>2) 

(ii) z^n,i is the Z-subalgebra of generated by all e!- ,F^ (1 < i < m — 
1, A; > 1) and 1 A (A G A n ,i). 

Remark 4.11. For A G and z = 1, • • • ,m — 1, put 77* = [Aj — A^+iJIa, and 
Va„,i = {Vi \1 < i < rn — 1, A G Ai,i}- It is clear that S^ n> \ is isomorphic to S q 71,1 
defined in 12.51 Clearly, S^* 1 ' 1 satisfies the condition (C-l). It is known that the 
g-Schur algebra z^n,i over Z has a triangular decomposition which coincides with 
the triangular decomposition of zS q in Proposition 13.21 and that z^n,i is a cellular 
algebra. Moreover, ^A(A) for A G A^ x coincides with a cell module of z^n,i thanks 
to Theorem 13.41 In particular, A^i coincides with the set of partitions of size n (see 
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[DR2] and |Mj for the results on g-Schur algebra z^n,!}- Thus, ^ nA ( = S^{A n>1 )) 
satisfies the conditions (A-l), (A-2) and (C-l). 

In |DP] . a presentation of Borel subalgebras and was given as follows. 

Theorem 4.12 ( [DPI Theorem 8.1]). The Borel subalgebra (resp. is 

isomorphic to the associative algebra generated by f$ (resp. Ci) (1 < i < m — 1) 
and Kf (1 < % < m) with the defining relations ffTXTD . (03}, titZM . fliXTD and 

dM3) (W. PI, CH, dM), dMU) and OMJ);. 



Remark 4.13. The above presentation of Borel subalgebras is not exactly the same 
as the one given in [DPI Theorem 8.1]. However, it is equivalent to the presentation 
in [loc. cit.] (see [DPI Remarks 4.4]). 



5. Review on Cyclotomic o-Schur algebras 



5.1. Let R be an integral domain, and we take parameters q, Q\, ■ ■ ■ , Q r £ R, where 
q is invertible in R. The Ariki-Koike algebra rJ^^ associated to & n x (Z/rZ) n is the 
associative algebra with 1 over R generated by T ,Ti, • • • ,T n _i with the following 
defining relations: 

(T -Q 1 )(T -Q 2 )---(T -Q r ) = 0, 

(T l -q)(T l + q~ l ) = (l<i<n-l), 
TqT{TqTx = TiToTxTo, 

TiT i+1 Ti = T i+1 TiT i+1 (1 < % < n - 2), 

T i T j = T j T i (\i-j\>2). 

The subalgebra of R^f nyT generated by T±, • • • , T re _i is isomorphic to the Iwahori- 
Hecke algebra rJ^. We define an algebra anti-automorphism * : RJif Uir 3 x t— > x* £ 
R J^n,r by T* = Ti for i = 0, • • • , n - 1. 

5.2. Put 



^) = (M fc) ,---,/ii fc) )GZ« >0 
V V n u (fe) = n 



Thus, A n<r is a set of r-tuples of compositions with n parts whose size is equal to 
n. Put m = rn and Pk = {k — l)n for fc = 1, ■ • • , r. Then, there exists a bijection 
from 4„ ir to 4 ni i such that /i i— > ~p, where ~p = (/Zi, /I 2 ; ' ' ' 5 Tv) e 1 obtained by 
- _ ' W 

5.3. For i = 1, • • • , n, put L x = T and Li = T^L^T^. For jj, £ /l n;n put 

k=l i=l 
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where = YljZi l/^l with a% = 0. Note that (m^)* = m^, and we define (M M )* = 
Rj^ n ,r ■ Tn^. The cyclotomic g-Schur algebra R^^r associated to R r jrff n ,r is defined by 

R y n , r = End Rjen , r ( M") . 

The following lemma is well known, and one can check them in direct calculations 
by using the defining relations of rM^^. 

Lemma 5.4. 

(i) Li and Lj commute with each other for any 1 < i,j < n 

(ii) Tj and Lj commute with each other if j ^ i,i + 1. 

(iii) Tj commute with both of LjLj +1 and Lj + 

(iv) For a E R and i = 1, ■ • • , n — 1, Ti commutes with Wj =1 [Lj — a) if k ^ i. 

(v) L i+1 Ti = (q - q- r )L i+1 + TjL i; T { L i+1 = (g - q~ l )L i+1 + L^. 

(vi) LiTi = (q- 1 - g)L m + TiL i+1 , TiLi = (q' 1 - q)L i+1 + L m Tj. 

5.5. For A, /i G /l„ ir and d G such that ij • d >z i-p, we define ipf ^ G ij^ n ,r by 

This definition is well-defined by Lemma |4~3| and we have i/j^e Hom fli ^ r (M M , M A ) 
by [DR21 Lemma 5.6]. 

For A, /i G vl n)7 . and <i G such that ij^zi-p - d, we have ij- d~ x >z i-p and rf" 1 G 

from definitions immediately. Thus, we can define tpf G H.om Rj ? n r (M M , M A ) 
as above. On the other hand, by [DJMl Corollary 5.17], we have (Px^i 771 ^ G (M M )*H 
M A , hence (^("V))* G ik/^ n (M A )*. Thus, we define tpf* x G r.^ by 

¥v,\( m v ■ h) = 5xu(f d x^(m^)Y ■ h {y G /t„, r , /i G R J^ n ,r), 

and we have y^ A G Hom fl ^ n r (M A , AL"). 

Let r^^ (resp. R^^) be the free i?-submodule of ^^ n , r spanned by {</^ | (A, d) G 
f^0z),fi G /l„, r } (resp. W^x\(\d) G ^(/l),// G A n , r } ). Then R ^| r ' (resp. 
fl^r ) is a subalgebra of R y n , r , and I (A, d) G f2- (Ti) , fj, G A n;r } (resp. {<^ d A | (A, d) G 
Q-(]l),fi G /In,,-} ) gives a free .R-basis of h^t° (resp. R 5^^) by |DR2l Lemma 
5.12, Theorem 5.13]. 

Moreover, in [DR2j . Du and Rui proved the following theorem. 

Theorem 5.6 f [DR2l Theorem 5.13, 5.16]). 

(i) There exists an algebra isomorphism J 7 - : R^nr ~^ R^ni suc -h that 

(ii) There exists an algebra isomorphism JF- : rS^^ — ► R^n\ su °h that 
-^-°«a) = Ifa for < A G {ifa | (A, d) G ^(7J), /i G A n , r }. 
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(iii) _R^ nir has a triangular decomposition 
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R^n^r — R<S n ,r ' R<^n,r ~ R^n,r ' V^A.A ' R^n,r • 

6. A CYCLOTOMIC g-SCHUR ALGEBRA AS A QUOTIENT ALGEBRA OF U q 



6.1. As in the previous section, let n,r be positive integers, and put m = nr. 
Let P = {1, • • • , n} X {1, • • • , r}, and P' = P \ {(n,r)}. As a convention, we set 
(n+ 1, k) = (l,k + l) and (0, k + 1) = (n, k) for k = 1, • • • , r - 1. For (i, fc) G P, put 
£(i,fc) = where pk = (k — \)n. Thus, we can rewrite the weight lattice P by 

P = 0^ k -j er 7jE(i and we regard yl n>r . as a subset of P by the injective map from 

A n>r to P given by A^,. Z)(»,fc) e r A^' £ (*,fc) G ^- For (*> fc ) e A P ut = 

then the dual weight lattice P v can be rewritten as P v = ®^ ^ gr Zh^fy. 
Moreover, for (i, k) G P', put a( ijfe ) = a Pfe+i = e^ k) - S( i+1>k y Thus, for ji G A njr , 
/i ± Q!(i ; fe) makes sense in P. 



6.2. For /i G A n>r and (z, fc) G P', if /i + a^.jt) G A n>r . then we have i-p >z fc) from 

definitions. On the other hand, if fi — a(i,fe) G A„ )T . then we have i /x _ Q:( . ~ ^ i/r- Then, 
for (z, fc) G P', we define an element </?;: ^ G nS^ nx by 



fc)>M ' 

(fc) 



where we define ^ +ol(i k)itM = (resp. , #* = 0) if /i + a (i , fc) £ A n>r (resp. 

A* - «(i,fc) ^ ^n,r )■ 

For (i, fc) G P, we define G r^t by 

and write ^ by for simplicity. 

For G A„ )T . and (i,k) G P, put iV = Y^d=i l/^l + Sj=i ■ By Lemma E31 
one sees that (L N+ i + L N+2 + ■ ■ - + L (&>) commutes with m M . Thus, we can define 

a (i,k) e H-*n,r by 

a (i,k)( m » ' h ) = tiw( m n(LN+i H h ^ +A4 w)) ■ h (u G A n , r /i G B^, r ), 
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where we define k ^ 



if p 
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= 0. Moreover, we define 



6.3. Recall that A = Z[ji, • ■ • , 7 r ] is a polynomial ring over Z = l*[q, with 
indeterminate elements 71, ■ • • , 7 r , and that /C = 71, • • • ,7 r ) is the quotient 
field of A. We denote K^n,r simply by =5^, where we set = 7i (1 < i < r). 
Now, we can define a surjective homomorphism of /C-algebras from U q to ^ njT . as in 
the following proposition. 

Proposition 6.4. There exists a surjective homomorphism p : U q — > ^ n r suc/i £/ia£, 

/or (a)ef', 



(6.4.1) p(e Pfc+4 ) = <p+ fe) , 

(6.4.2) p{f Pk+i ) = ^ )fc) , 



-7fc+r 



«(n,fc)«(i jfc+ i) K (n,fc) K (l,fc+l) 



9-9 



-1 



(6.4.3) p(r Pfc+l ) = ^ 



K {i,k) K {i+l,k) K (i,k) K (i+l,k) 



otherwise 



q-q- 



and that, for (i, k) G r, 



(6.4.4) p(tf± , J = k± 



(»,*)■ 



Moreover, by restricting p to jJJ q , p\ r, gives a surjective homomorphism from 



jJJq to A^n^. 



6.5. The rest of this section is devoted to the proof of the proposition. The following 
relations are clear from the definitions. 

(6.5.1) «(i,fc)«C?.0 = K (j,l) K (i,k), «(i,fc)K^ fc ) = K (i,k) K (i,k) = 1 

Since ^„ is the identity map on M u and G Hom,^ r (M M , M M ), we have 

/1 1 l/i p M 



This relation combined with (16.5.11) implies that 
(6.5.2) K (i,o( K (™,fe) K (i,fc+i)(^" lcr (™,fc) - go-( 1)fc+ i))) 



( K (n,fe)K( life+ i)(? l O-( n ,k) ~ q(T(l,k+l)))K(j,l)- 
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6.6. By the definitions of cpt k y k y it is clear that (p~^ ^ (resp. ip'Z k -S) for (i, k) G P 
is included in =5^° (resp. ^ n -°), an d that K>t k -\ for (i,k) G r is included in both 
of -5^° and =5^°. Recall, in the case of type A, that there exists a surjective 
homomorphism p : U q — > J^ n ,i (Theorem 14. 6p . Here, we extend this homomorphism 
to that over /C. By using the isomorphism JF- : =5^° — > K^ni ( re sp. -T 7 - : 
^nr ~^ K^ni) m Theorem I5.6[ we have the following proposition. 

Proposition 6.7. 

(i) ^ n - r ° is generated by tpf.^ ((i,k) G and K^ ik) ((i,k) G T). 

(ii) is generated by <p^ fc) ((i, fc) G J") and ((i, k) G T). 

Proof. We show (i) only since (ii) is shown in a similar way. By the above arguments, 
</?£ fc ) and «^ fc ) are elements of ^ n - r °. On the other hand, by Proposition 14.71 and 

TheoremES we have {(F^op) (e Pfc +*) = tpfa) and ((^-°) _1 °p) = 4, k y 

Moreover, k^^i i s the image of B + under p by Theorem 14 .61 (ii), and B + is generated 
byej(l<i<m — 1) and Kf (1 < i < m). This implies (i). □ 

6.8. In the proof of the above proposition, we have a surjection (F- )' 1 o p : B + — > 
Under this surjection, the relations (ll.2.2p and (I1.2.5P implies the following 
relations (16.8. ip and (I6.8.3p . Similarly, the following relations (16.8. 2|) and (16.8.41) 
follows from the relations (11.2.31) and (ll.2.6p . 

(6.8.1) «(i,*)^ lI) «^ ) =9 <a ^' fc ^VS l0 . 

(6.8.2) ^ ) ^-^- fc) = g-K-.o > ^))^- , 

(6.8.3) ^J ± i, fc )(^J, fe )) 2 - (V + 9" 1 )v5,fe)^±i )fe )^,fc) + (vJ.fcjJVJii.fc) = 0, 

v&qVm = vmtfhk) (l(p* + *) - (p« - j)I > 2), 

(6.8.4) <^ ± i, fe) (<^, fe )) 2 - (? + 9" 1 ) < P^ fe )^ ± i, fe )^, fc) + (<Pli, k )) 2( P^±i,k) = °> 

^,fc)^,o = V'o-.o^*) (K^ + z ) - (p« — > 2). 



6.9. For i — 1, • • • , n — 1, let Si = + G & n be the adjacent transposition. For 
/i, G A n)r , put = {xe% I7(P • x) = V{\F)}. One can check that 



(6.9.1) 


v l*-<*(i,k) 


|1, Sat, (snSn+i), • ■ • , 


(satSat+i ■ • ■ 




(6.9.2) 




{l, Sjv-1, (s.ZV-lSzV-2), • 


• • , (S7V-1SAT_2 


•••Stv-^+i)}' 


(6.9.3) 


A u - 


{l, S Nl (satSat-i), ■ ■ • , 


(satSat-i •• -S^ 


- M f>+l)}' 


(6.9.4) 


**+«(*,*) 


{l) Sjv+1, (SjV+l s iV+2), • 


" " j (^+1^+2 


••• S AT + ^)-l)}> 


where N = 
the followin 


g lemma. 


- Ei=iPi> and P ut ^ 


(fc) _ (fc+1) -r 
n+1 — Pi 11 


i = n. Then, we have 
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Lemma 6.10. For \i G A n>r and (i, k) G i~" ' , we have the followings. 
(i) 



+{ ^ \L N+1 -Q k+1 (* = n) (iV =1^)1 + -.. + |^)|). 



(ii) 



-^ (fc) +i 



Whereh -(^ \L N -Q k+1 \itn) (JV = |AiW| + ... + |Ai«|). 
Proof. One can check them from definitions by using Lemma 14.31 □ 



This lemma implies the following proposition. 

Proposition 6.11. For (i, k), (j, I) G F 1 , we have the following relations. 

(i) If (i, k) (J, /) then we have 

(ii) // (i, fc) = (j, /) and i^n then we have 

+ ___ + _ ^(i.fc^+l.fc) ~ K (i,k) K (i+tM) 
f(i,k)f(i,k) t P(i,k) ( P(i,k) - _ -1 ■ 

(iii) // (z, fc) = (j, /) = (n, k) then we have 



n,fc) 



K (n.fe) K (l,jfc+l) K (n,fc) K (l^+l) _ , _i \ 

7fc+l „_„-! + K (".*) K (l,fc+l)W - 3^(l,fc+l)J- 
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Proof. By Lemma [6.101 for ji G A n ^ r and (i, k), (j, /) G -T', we have 
= < fc) (^^ )+1 -^o, i) ^ v)( E 



On the other hand, we have 

= q-Mi+iq-^M)?* mX^P ( E ^ T v) ( E ^ )T *) 

One sees that g ~'*i )+1 g -0*- a tf,o)S-i+ 1 = g-^+^-^+^^f + 1 for any case. Put 



a = [ y, ^ )T v)> B = [ E ^ 

( E <^)> D ={ E ^ 



c 



^+ a (i.k))- a a,i) 



(i) . First, we assume that (i,k) 7^ (j, I). Then we have /i^,.^ = /i^J*£' fc) , and 

^-(ji) commute with A. If (pj + Z) — (p^ + i) ^ 1 then we have X^_2 ihl ^ +a . fe = 

^u+ Q ,.,> and „ = I^a,.... Thus, we have A = D and B = C. 

Moreover, one sees that A commute with B. If (jpj + 1) — {jpf. + i) — 1 then we have 
_ jj^- t t + a {*,h) an( i „, s = X?., n , s . Hence, we have A = C 

and B = D. This implies (i). 

(ii) . Next, we assume that (i,A;) = (j, /) and i ^ n. Then we have ft-^yn = 
^+«( 4 ,*) = L put ^ = |^ ({) | + ^j =i/i ( fc ). Then, by §EM and (15X2]) '. we 
have that 

(6.11.1) X^J^ = {1, sjy, (stvStv+i), • • • , (sjvSjv+i • • • s^^w^)}, 

(6.11.2) X^2^)-a (i , k) = I 1 ' (3NSN-l), ■■■ , {SNSN-I • " " S ^(fc) +1 ) } . 
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Combined with f[6X2l and (RTOj) . we have AB-CD = B-D. Note that m^T w 
qi(w) m ^ £ Qr w ^ then we have 



( 

E 



/u (fe) -1 



V 



a=0 



V 



6=0 



J J 



m, 



m, 



This implies (ii). 

(iii). Finally, we assume that (i, k) = (j, I) = (n, k). Put N = J2i=i \v {k) \, then, 
we have ^ = Ln — Qk+i and h^^ k) = Ln+i — Qk+i- Hence, we have 



-(n,k) 



(6.11.3) 



(&)_ (fe) - 



(k) (k) 

-Qk+iQ-"" +1 m^AB-CD). 
In a similar way as in the case of (ii), we have 

(6. II. 4) q M ™ Ml +1 m„ - CD) = — ^ (mj. 



By Lemma I5.4[ we can prove the following formula by induction on c. 
(6.11.5) 

c 

Ln{Tn-\Tn-2 ■ ■ ■ Tn-c) = (l — 1 *) ^ T N _iT N _ 2 ■ ■ ■ Tn-£ ■ • • T N _ c L N _£ + i^ 

where Tjv_^ means removing T/v_g from the product T N _ 1 T N _ 2 ■ ■ ■ T N _ C . Combined 
this with (16.9.21) . we have 



(6.11.6) 

Ln ■ B = Ln + (q c Ln(TnTn-i ■ ■ ■ Tn- c )) 



c=l 
u (k) -l 

h ir n, 1 



Ln + E^ {l C (l ~~ 1 X ) f Tn-iTn-2 " " ' ^n-g " " " JjV-c-^JV-g+l 
c=l g=l 

+ <? C Tn-iTn-2 • • • 7jV-c-^JV-c| 
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Ik) , (k) , 



+ X ( X q c (q-q 1 )T N ^ 1 T N ^ 2 ---T n ^---T N ^L N ^ +1 



(fc) i 



Q c Tn-i ■ ■ ■ T N _ C L N _ C 

c=l 

Similarly, we have 
(6.11.7) 

(fc) . (&) . 
Mti -i w» -1 

i'jv+i ' C = -^iv+i + X^ ( X^ < f +l { ( l~ ( l 1 )TnTn-i ■ ■ -f n -£ ■ ■ -T N _^jL N _ 



u (fe) -l 

+ ^] Q c+1 TnTn-\ ■ ■ ■ Tn-cLn-c-, 

c=0 

by using the formula. We also have 
(6.11.8) 

Ln+\{Tn+\Tn+2 ■ ■ ■ Tn+c) 

(g" 1 - q) c + ^(g" 1 - g) c " € ( Yl T N+h T N+h ■ ■•T N+i6 j J ■ Ljv+ c +i, 

k £=1 (»1>-- >«£) s.t. / 

l<il<i2<---<^< c 

which is proved by induction on c thanks to Lemma [5.41 (16.ll.6p and (I6.ll.7p . by 
making use of (I6.11.1I) . (I6.11.2I) . combined with Lemma [5.41 implies that 

(6.11.9) 

A ■ • B — L^+i ■ C ■ D 

= L N ■ B - (l + q(q - g" 1 ) + ^ {q c+1 {q - q^T^T^ ■ ■ ■ T N . c ^j ■ L N+1 ■ D. 

c=l 

Note that m^T w = q^'m^ for w G (5 M , and so (I6.ll.6p implies that 
(6.11.10) m M ■ (L N ■B) = m lt q 2 ^'^^ + Ljv-i + ■ ■ ■ + L N _^ )+1 ). 
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Similarly, (I6.9.4P and (16.11.81) implies that 
(6.11.11) 

^ fc) -i 

m M - (l+q(q~q~ 1 )+ J2 ~ Q'^Tn-iTn^ • • • ?V_ C ) ■ L N+l ■ D 

c=l 

= m M q 2i ^ k)) (Ltv+i + L N+2 + ■■■ + L N+ ^k + i)). 
By f l6.ll.9p . fl6.ll.10p and fl6.ll.lip . we have 
(6.11.12) q-^-^^m^A ■ L N ■ B - L N+1 ■ C ■ D) 

(fc)_ (fc + l) / _1 / V 

= m tl <f n ^ [q (L N + L N - X + • • • + L N _^ )+1 ) 

— q{L^+i + Ln+2 + ■ • • + L N+ ^(k+i)) j 

Now flfi. 11.3ft . fl6.ll.4l) and fl6.11.12D imply (iii). □ 

We can now prove Proposition 16.41 

(Proof of Proposition^^ . By the relations fl6XT|) . (15X21) and fl6XTj) - flgggp 
together with Proposition 16.111 one sees that the homomorphism p in Proposition 
16.41 is well-defined. On the other hand, by Proposition 16.71 we have p(£> + ) = 

and p(B~) = Moreover, we know that 5? n>r = ^ n -°^ n -° by Theorem 15.61 

Thus, we see that p is surjective. 

By Theorem 14.61 (iii) and (iv) combined with Theorem 15.61 p\ A jj gives a surjec- 

tion from jJJ q to j\.^n,r- The proposition is now proved. □ 

§ 7. Presentations of cyclotomic g-ScHUR algebras 

Recall that 5? n>r is the cyclotomic g-Schur algebra over JC = Q(q,ji,-- - ,7r) 
with parameters q, 71, • ■ • , j r . 

7.1. For presenting cyclotomic g-Schur algebras by generators and relations, we pre- 
pare some notations. Let JC{xi, • • ■ , % m -\) be the non-commutative polynomial ring 
over /C with indeterminate elements x±, ■ ■ ■ , x m -\. Note that JC{xi, • • • , x m -i) is iso- 
morphic to the free /C-algebra generated by xi, ■ • ■ , x m -\. Put x = {x±, • • • , x m _i}. 
For (z, k) G set aJr^jt) = x Pk+ i, where p k = (k — l)n. Thus, we have x = 
{x(i >k ) I (i, k) G r'} and )C(xi, ■ ■ ■ , x m - X ) = JC(x) = K,{x^ k) \ (i, k) G 

For g(x) G /C(x), let g(<£> + ) (resp. g(<p - )) be the element of obtained by 
replacing x^ >k ) with ift ik \ (resp. <p7 ik \) in g(x). Then, we have the following lemma. 

Lemma 7.2. For A G /l„ ir and (2, fc) G -T, i/iere exists an element 

9(i,k) = Yl r > ^ 7 ( x ) ® ^ + ( x ) G ^( x ) ®k ^( x > ( r i e 9j(x),9t(x) G ^( x )) 
j 
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such that a^ k) = £\ rj g j {<p ) gf(p + ) <^a,a- 

Proof. By Theorem 15.61 (iii), we have S? n>r = ^ n -° • ^nr- On the other hand, By 
Proposition 16. 7\ S^^t (resp. 5?^) is generated by <p7 ik -\ (resp. <fit k \) f° r {hfy e 

and K fi,k) for (*> fc ) e r - Reca11 that K J,fc) = E^e^.r V**'* <Pw> and that ^ is the 
identity map on and the zero map on M T (t / /i). Moreover, {ip 1 \ \i G 

is a set of pairwise orthogonal idempotents. Combined with the relation ( 16.8.11) and 
f)6.8.2p . we obtain the lemma. □ 

7.3. In general, g\ ifk \ G /C(x) ®/c /C(x) satisfying the condition in Lemma I7T21 is not 
unique. Throughout the rest of this paper, for (i, k) G i~" and A G Ai,n we fix 5$ k ) s 
once and for all. 

Let )C(Fi, ■ • • , F m _i, ■ • • , i£ m _i) be the non-commutative polynomial ring 
over /C with indeterminate elements F 1; • • • , -F m _i, E±, ■ • • , E m -\. Put F = {Fj | 1 < 
z < m — 1} and F = {Ei | 1 < i < m — 1}. For (z, fc) G -T', set Fk*.) = F Pfc+ j and 
Efak) = E Pk+i . For g(x) G /C(x), let (resp. g(E)) be the element of /C(F) 

(resp. fc(E)) obtained by replacing x^k) with (resp. E^)) m g(x). For 

S'^fc) = r i9j{*) ® 9j(x) e £(x) ®/c £(x) ((z, fc) G T, // G A„ jr ) in Lemma E21 
put 

(7-3.1) ^, fc) (F£) = Y^rjgjW.gfW G /C(F,£>. 

i 



7.4. Let 5 nir be the associative algebra over Q(q, 71, • • • , 7 r ) with 1 generated by 
E(i s k), F(i s k) ((i,k) G J") and 1a (A G Ai,r) with the following defining relations: 

(7.4.1) 1 A 1 M = W A , £ 1 A = 1, 



(7.4.2) £ (i , fe) lA 



lA+a^^)^^) if A + G yl n); 
otherwise, 



(7.4.3) F Ct fc) l A = { if A _ ^ fc > G ^ 

1 otherwise, 

(7.4.4) l A % fe) = N 1 ^) ifA-a^G^ 

otherwise, 



F(i,k)^x+a^ k) if A + a( i; fe) G yl r 
otherwise, 



(7.4.5) l A F (i , fc) 

(7.4.6) E^ k )F {jt i) - F {jt i)E {it k) = 5 {itk ),{j,i) ^2 ^(U)' 

(7.4.7) _E(j ± i ifc )(-E(i,A:)) 2 — (g + q~ )E^ !k )E^±x jk )E^ k ) + (E^ t k)) 2 E^± lt k) = 0, 
E(i tk )Ey tl ) = E {j j)E m (\{p k + i) ~ (Pi +j)\>2), 
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(7.4.8) F {i±m {F {itk) f -{q + q ^F^F^^F^ + (F (i , k) ) 2 F {i±m = 0, 
F m F m = F m F {i>k) (| (p fc + i) - (pi + j)\ > 2), 



where 



-7 W [Ai fc, -Af +1) ] 

[A- fc ^ — A^-JIa otherwise. 

7.5. It is clear that S n , r is a homomorphic image of S q (A n>r ) defined in Section [2j 
Thus, S nir is a homomorphic image of U q . In fact, as the following lemma shows, 
S n>r is isomorphic to S q An,r , where ^„, r = l 7 ?^) I ( z '> *0 ^ r", A e Ai,r}- 

Lemma 7.6. For (i, k) G i~" and A G A nyT , we have rj^ ^ G S~Sgl\ and deg(r]^ k A = 
0. T/uts, iS njT . zs isomorphic to S q A "' r . 

Proof. From the definitions of g* n ^{F, E) and gfa k+1 ^(F, E), it is clear that r]^ fe s G 
5-5+l A . Note that af ik) G Hom,^ n r (M\ M A ), Lemma O together with the defi- 
nitions of fun imply that deg(g^ ^(F, E)) = 0. Thus, we have deg^ k A = 0. □ 

From now on, under the isomorphism S niT = S q An ' r , we apply to <S„ )7 . the results 
in Section [2] and [3] for S q An ' r . Recall that p : U q — > <5^ ir . and ^ : ?7 9 — > S ntT are 
surjective homomorphisms of algebras given in Proposition 16.41 and the paragraph 
12.51 respectively. We have the following proposition. 

Proposition 7.7. There exists a surjective homomorphism of algebras $ : S n>r — > 
t5^n t r such that 

(7.7.1) = flky *(*<*,*>) = Vfo)' *(1a) = f\,x- 

In particular, the surjection p : U q —* S^ n ^ r factors through the algebra S nx , namely 
we have p = $ o \1>. Moreover, by restricting $ to _4<S n . r; we have a surjective 
homomorphism ®\ A s n , r ■ .A<S„, r -> A^n,r- 

Proof. First, we prove that $ gives a well-defined algebra homomorphism from S n ^ r 
to y n>r - One can easily check that the relations (17.4. II) — (I7.4.5I) hold in the images 
of $ for corresponding generators. By (16.8.31) and f)6.8.4p . the relations (17.4. 7p and 
(I7.4.8P hold in the image of $. Proposition 16.111 together with the definition of 
r)^ ik ^ implies that (17.4.61) holds in the image of $. Thus, $ is well-defined. By 
investigating the images of generators under each map, we have p = $ o v|>, and $ 
is surjective. The last assertion follows from the restriction of p = $ o $ to jJJ q 
together with Proposition 16.41 □ 

Since (p\ x ^ in S^ n<r for A G A ntr , and since $ is surjective, we have the 
following corollary. 
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Corollary 7.8. For A G A n>r , 1^ ^ in S njT . 

7.9. For A = (A«,-- - ,A^) G A n>r , we say that A is an r-partition of size n if all 
X^ (1 < k < r) are partitions, namely all X^ are weakly decreasing sequences. 
On the other hand, we have A+ r = {X G A n>r | 1 A £ <S n>r .(> A)} by (12.10. II) . Then, 
we obtain the parametrization of the isomorphism classes of simple <S nir -modules as 
follows. 

Lemma 7.10. For S ntr (= S q An ' r ), we have 

A^ r = {A G A ntr | A : r-partition^. 

In particular, the isomorphism classes of simple S nr -modules are parametrized by 
A + . 

n,r 

Proof. Let (i, k) G r' be such that i ^ n. For a G Z >0 and A G A n r , we can prove, 
by induction on a G Z >0 together with (I7.4.6p . that 

a 

(7-10.1) £(^(Va = N!(nt\ (fc) - \ ( S - « + J'])1a mod 5 n , r (> A). 

5=1 

Assume that A G /l n ,r is not an r-partition. Then, there exists z, k such that 
A^ < A^\, where 1 < z < n — 1 and 1 < k < r. Thus, by (17.10.11) . we have 

(7.10.2) 4;1) +1 ^ +1 1 A [A?> + 1]!( J] [j - Ag?! - 1])U mod S n „ r (> A). 

Since A - (Af } + l)a (i)fc ) £ yl„ ir , the left-hand side of (17.10.21) is equal to by (17X5]) . 

On the other hand, since Af 3 < Af\, we have [xf + 1]! ( U^i^ti ~ \?i " 1]) ^ 0. 
Thus, (17.10.21) implies that 1\ G <S„, r (> A) if A is not an r-partition. By Theorem 
12.161 (iii), the isomorphism classes of simple <S nir -modules are parametrized by the 
set {A G A ntr I 1a ^ S n ,r(> A)}. On the other hand, through the surjection $ : 
S n ,r ~^ ^n,r m Proposition 17. 7\ one can regard a simple ^^-module as a simple 
<S nir -module. Moreover, it is known that the isomorphism classes of simple 5^ n ^ r - 
modules are parametrized by the set of r-partitions of size n by [D JM] . Thus, we 
obtain the lemma. 

□ 

7.11. Since S n ^ r is a quotient algebra of U q , one can describe S njr by generators 
and relations of U q together with some additional relations. Here, we give such 
additional relations precisely. For (i, k) G r' and A G A n>r , we define gfc k Jf, e) G U q 
in a similar way as in (17.3. ip . Recall the bijection from A nx to A n> i such that fi i— > /J 
in [E2J For A G A njV , put K x = Kj G where K x is defined in (I2.2.ip . For 
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(z, k) e r', put 



9(i,k)(f,e)= (9(i, k )(fie) K \): 



xeA n.r 



and put 



V(i,k) 



7fc+r 



K (n,k)K (l k+1) - K, k) K (1>k+1) 



q-q- 



n. 



K (n,k)K { ^ k+1) (q 1 g (n>k) {f,e) - qg {ltk+1) {f,e))j if i 

otherwise 



q-q * 

Let I ntr be the two-sided ideal of U q generated by r Pk+i — r)(i >k \ ((i,k) G -T'), 
K X K 2 ■ Krn - q n and (A', - - g^ - g 2 ) • • ■ (A, - g n ) (1 < i < m). Let 

^n,r = U q /I ntr be a quotient algebra of U q . One sees that U n<r is isomorphic to the 
algebra generated by Ei,Fi (1 < i < m — 1) and Kf (1 < z < m) with defining 
relations (jl.5.ip - (jl.5.3j) . (11. 5. 61) and (I1.5.7P together with the following relations; 



(7.11.1) 
(7.11.2) 
(7.11.3) 



£{i,k)f(j,l) - f(j,l) e (i,k) ~ $(i,k),(j,l)V(i,k), 

K 1 K 2 ---K m = q n , 

(K t -l)(K l -q)(K l -q 2 )---(K i -q r 



where we identify e (i , fc ) <-> e Pfe+i , /( i)fc) <-> / Pfc+i and A (i fc) <-> A" p fc+i . 



Proposition 7.12. l nx contains the kernel of the surjection \& : U q — > S n ^ r . Thus, 
induces the surjection : U n>r — > S n>r . Moreover, ty' gives an isomorphism of 
algebras. 



Proof. From the definition, we have ^(rj^^) = J2xeA n r Vu thus we have ^{r Pk+i — 

V(i,k)) = 0. Note that ^(Ki) = YlxeA <? A, 1aj we see easily that ^(Ki ■ ■ ■ K m ) = q n 

and V((Ki - l){Ki - q) ■ ■ ■ {K { - q n )) = 0. Thus, we have 7 n>r C Ker^, and 
induces the surjection ty' : U n<r — > S Ujr . 

Let C/° r be the subalgebra of U n>r generated by Ki (1 < i < m). In a similar 
way as the proof of |DDPWl Lemma 13.39], the restriction of ^' to C/° r gives an 
isomorphism U® r = S® r (Note that, in the proof of |DDPWl Lemma 13.39], they 
only use the relations of K^s which coincide with the relations in U® r ). Through 
the isomorphism U® r = «S° r , we have 



(7.12.1) 



K X K„ = 5 x>fl K x , K x = l 

xeA 
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in U n , r . Moreover, for 1 < i < m and A G A n ^ r , we have KiK\ = q ' *K\, thus we 
have 

(7.12.2) Ki = Ki( K *)= 

Let ^ : <S n;r — > U n ,T be a homomorphism of algebras given by ^(E^m) = e^M, 
^(F(i,k)) — f(i,k) an d ^(Ia) = K\- In order to see that ^ is well-defined, we may 
check the relations (I7.4.ip - (I7.4.8I) in the image of W for corresponding generators. 
The relation (I7XT1) follows from 07.12.11) . We can check the relations fl7T4T2|) - fT7X5l) 
in a similar way as in the proof of |DDPWl Lemma 13.40]. The relation (17.4.61) 
follows from the definition of tj^ja- The relation (17.4.71) and f I T . 4 . 8 [) are just (11. 5. 61) 
and (I1.5.7P respectively. Thus, \pt is well-defined. Moreover, by (I7.12.2p . we see that 
is surjective and gives the inverse map of thus we have U n)T = S ntr . □ 

7.13. Our goal is to show that the surjection $ : iS n r — > S^ nx in Proposition 17.71 is 
actually an isomorphism. Let 

{<p ST \S,Te T(A) for some A G A+ r ] 

be a cellular basis of 5? n<r constructed in [D JM] . where T(X) is the set of semi- 
standard tableaux of shape A (see |DJM] for the definition). For A G A+ r , let 
=Xi,r(> A) (resp. ^ n ,r(> A)) be a subspace of 5f n<r spanned by {ipsr\S, T G 
T(/i) for some /i G A+ r such that /i > A} (resp. {(psr \S,T E for some ji E 

A+ r such that \i > A}), then both of ^„ )T .(> A) and ^ nir (> A) are two-sided ideals 

of <s n,r- 

It is known that <p\ A G ^ n ,r(> A) \ S^ n>r {> A) for A G A+ r (y? A A is denoted by 
(p T x T x in [DJM] ). For A G 4+ r , a left .^-module W(A) of V„ jP (so called Weyl 
module) is defined by 

w(\) = (y n , r ■ ^ A)A + y n>r (> \))/y n A> a). 

Note that W(A) is an ^-submodule of y n , r (> A)/«5^ B>r (> A). By [DR2l Theorem 
5.15] (and its proof), for S,T E T(/i), we have 

(7.13.1) v? 5T = (fsr^l^T^T, where G ^ n - r ° and (p T » T E ^ n - r °. 

One sees from this that 

W(X) ^ J^-° • ^ >A /(^-° ■ V? a ,a n ^n,r{> A )) as -^-vector spaces. 

It is known that {M^(A) | A G A^ r } gives a complete set of isomorphism classes of 
(left) simple ^^-modules. Similarly, we have a complete set of isomorphism classes 
of (right) simple ^^-modules {^"(A) | A G A^ r } such that 

W*(A) = ^ A ,A ■ y-°/{<P\,\ ■ ^n>° n ^„,r(> A)) as /C-vector spaces. 
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Recall that S^® (resp. S^®) * s an subalgebra of S n ^ r defined in 12.171 Then we 
have the following lemma. 



Lemma 7.14. The restriction of the surjection $ (in Proposition \ 7. 1 ) to S^® (resp. 

\s£ ■ S Z°r - (^sp. $| 5 =>o 



Snr) gi ves an isomorphism $| s <o : S^° r —> 5?^® (resp. $| 5 >o : S^° r . —> -5f^\.) as 



algebras. 

Proof. By Proposition 16.71 the restriction of p (in Proposition 16.41) to B~ gives a 
surjective homomorphism : £>~ — > Since $ o \1> = p (see Proposition 17.71) 

and ^{B~) = S?^, we have a surjective homomorphism <&| 5 <o : — > 

On the other hand, thanks to Theorem 14.121 we can define the homomorphism 
<J>'-° of algebras from to U n ,r by sending the elements fi (1 < i < m — 1) and 
if^ (1 < z < m) of to the corresponding elements of U n , r . Combining with 
isomorphisms = and U n T = <S nT ., induces a surjective homomorphism 
from to <S^°. Thus, $| 5 <o is an isomorphism. The case of <S^° is similar. □ 

Lemma 7.15. For A £ restriction of <3> <S„ >r (> A) ('resp. S n>r (> X)) 

gives a surjective homomorphism of {S n ^,S n ^)-bimodules <&\s nr {>\) '■ S n ^{> A) — ► 
^V(> A) (resp. $k ir( >A) : S„, r (> A) -> J?V(> A)/ 

Proof. Note that $(1 M ) = and that £ ^ n ,r(> A) if /x > A, we have 

3K«Sn,r(> A)) C y nt r(> A) since =5^ iT .(> A) is a two-sided ideal of y n . x . 
On the other hand, one sees easily that 



>0 
A 1 '~'n,r ' 



Combining with ( 17.13.11) and Lemma l7.14[ we have ipsr £ $(«5 niI .(> A)) for any 
S, T £ T(/i) (/x £ 4+ r such that p > A). Thus, 3>|s nr (>A) is a surjection from 
<5n,r(> A) to =5^j, !r (> A). The case of S n<r (> A) is similar. □ 

The following theorem is our main result in this paper. 

Theorem 7.16. 

(i) $ : S ntr — > y n ^ r gives an isomorphism of algebras. Moreover, by restricting 
$ to A<Sn,r, &\ A s„. r gives an isomorphism from j^S n>r to _A^n,r- 

(ii) is presented by generators E^^^F^^ ((i,k) £ and 1 A (A £ A nx ) 
with the defining relations (17.4. II) - (17.4. 8ft . 

(iii) y n ,r is also presented by generators Ei, Fi (1 < i < m — 1) and Kf (1 < % < 
m) with the defining relations IjlXB - rtDTBL (TTXHj) . (fTXTl) and (17. 11.11) - 

Proof. Through the surjection $ : (S n r — > 5? n , r , we can regard a simple ^^-module 
W(A) (A £ A+ r ) as a simple iS n r -module, and {VT(A) | A £ A+ r } gives a complete 

set of isomorphism classes of simple iS nr -modules by Lemma 17.101 As [^-modules, 
both of A(A) and W(X) are highest weight modules with a highest weight A. Thus, 
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by investigating the action on highest weight vectors of A (A) and W(X), we have a 
surjective homomorphism 

(7.16.1) A(A)->W(A) as «S n , r -modules. 
We claim the followings. 

(claim): For any A G A„ r , we have 

A(A) = W(X) as left ^-modules, A S (A) = W\X) as right ^-modules, 
A (A) ®k A" (A) = S nir (> X)/S n>r (> A) as (<S n;r , <S nir .)-bimodules. 

If we assume the claim, then we have 

diin K S ntr = ^ (dim/cA(A)) 2 

= (dimc^(A)) 2 
= dim^c y njT . 

This implies that $ gives an isomorphism from S n ^ r to y n ,r- Thus, it is enough to 
show the claim. 
We recall that 

(7.16.2) A(A) = ■ lx/(S$ ■ 1 A n S n>r (> A), 

(7.16.3) w(X) = ■ v\J{y- Q ■ v\,x n y n A> A)) 

as /C- vector spaces. Lemma 17.141 implies the following isomorphism ; 

(7.16.4) $| 5 |o u : 1 A = (p{ tX as /C- vector spaces. 

We prove the claim by backword induction on the partial order of A+ r . 

First, we suppose that A is maximal in A+ r . In this case, we have S ntr (> A) = {0} 
and y ni r(> A) = {0}. Thus, (17.16.11) . (j7.16.2p . (17.16.31) and (I7.16.4j) ' implies that 
A(A) ^V(A) as left <S nir -modules. Similarly, we have A" (A) = W*(A) as right S n>r - 
modules. Since A(A) (resp. A" (A) ) is a simple left (resp. right) iS> nr ,-module, the 
surjective homomorphism of iS„ ir -bimodules A(A) ®jc A"(A) — > <S n ,r(> A)/«S n>r (> A) 
is an isomorphism. 

Next, we suppose that A is not maximal in A^ r . The induction hypothesis 
implies that the surjection $|s„ ir (>A) : <5 n ,r(> A) — > ^ nr (> A) in Lemma [7.151 is an 
isomorphism by comparing dimensions. Combined with (I7.16.lj) . (I7.16.2j) . (I7.16.3j) 
and (I7.16.4j) . this implies that A(A) = W(X) as left iS njr -modules. Similarly, we have 
A" (A) = W"(A) as right S n ^ r -mo dules. This implies that A(A) ® K A 8 (A) = S n , r (> 
A)/<S n ,r(> A). Thus, we have the claim and (i) follows. The remaining assertions 
(ii) and (iii) follows from 17.41 and Proposition 17.121 □ 
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Remarks 7.17. 

(i) In the case where r = 1, generators and defining relations of S n>r (resp. U n , r ) 
in 17.41 (resp. 17.111) coincide with generators and defining relations of g-Schur algebras 
of type A in Theorem 14.101 (resp. Theorem 14.91) given by Doty and Giaquinto. 

(ii) In a similar reason as in the case where r = 1 (see Remark 14. lip . S n>r 
(^ y n r ) satisfies the conditions (A-l), (A-2) and (C-l). 



In this section, we give an algorithm for computing the decomposition num- 
bers of F^ n ,r — F^n.r on an arbitrary field F and parameters q, Qi, ■ ■ ■ ,Q r G F. 
Throughout this section, we consider the objects over a fixed field F, and so we will 
omit the subscript F (e.g. F<S n ,r, fA(A), • • • ) unless it causes some confusions. 

8.1. Since S n>r satisfies the condition (C-l), we can define a bilinear form ( , ) t : 



Note that ( , ) t is symmetric. Put rad t A (A) = {x G A (A) | {y,x) u = for any y G 
A(A)}. One sees easily that (y,x) li = (i(y),x) for x, y G A (A), thus we have 
rad t A(A) = rad A (A). Hence, from now on we denote ( , ) t (resp. rad t A(A)) simply 
by ( , ) (resp. radA(A)). 

8.2. For an iS n r -module M, we have the weight space decomposition 



where M M = 1 M • M. Since A(A) = S n r ■ 1\, we see that A > fi if A(A) M ^ 0. It is 
clear that A(A) M is spanned by 



S(A-/x) = {Ffc> kl) Fg> k2) ■ --F^ylx | c ia{hM) + c 2 a {i2M) + - ■ • + c i a (ili y = X-fi}. 



Note that S(A — //) is a finite set. Then we can pick up a homogeneous basis of 
A(A) M from S(A — /i). We take a homogeneous basis B(X) fJi of A(A) M , and fix it. 
For A G A+ r , ji G A n>r , let 



be a Gram matrix of the weight space A(A) /Lt . Put rad A(A) M = rad A(A) H A(A) jU , 
then we have the following lemma. 

Lemma 8.3. We have 



8. An algorithm for computing decomposition numbers 



A (A) x A (A) -> F by 



(yl\, xlx) L l\ = t,(ylx)xlx mod <S n)r (> A) for x,y eS, 



M= M f 




dim^rad A(A) M = corankM(A) 
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Proof. For x G A(A) M , y G A(A)„, we have (y,x) = unless /it = v by (|2.13.3|) . 

Thus x G radA(A) M if and only if {b',x) = for any b' G £>(A) M . This implies the 

lemma. □ 



(Algorithm for computing decomposition numbers of 5 n r ) 
(step 1) Compute the value of {b',b) for all b, V G £>(A) M (A G A+ r , /i G A n , r ). 

Note that by (12.13.11) and the definition of the bilinear form, we can compute 
(b',b) by using the commutative relation (17.4.61) repeatedly. 

(step 2) Compute the corank of M(A) M for all A G A+ r , \i G A n;T . 

This is an elementally calculation of the linear algebra. 

(step 3) Compute dimi?(L(A) M ) for all A G A£ r , ^ G A n ^ r . 
Since L{\) = A(A)/ rad A(A), we have 

dinip(L(A) M ) = dim F (A(A) At ) - dim F (rad A(A) M ). 

Thus, we can compute dmip(L(A) M ) by Lemma [8.31 and (step 2). 

(step 4) Compute the decomposition numbers = [A(A) : L(fi)} for A,/i G A+ r 
by the following inductive process. 

By Theorem 13.61 we have d\\ = 1 for A G A£ r . By induction, we may as- 
sume that is known for ji G yl+ r such that A > fi > u, and we compute the 
decomposition number d\ u . 

Note the following four facts: 

• rad A(A) is the unique maximal iS nir -submodule of A(A), 

• d Xfl ^ (A ^ /i) only if A > \i. 

• L(fi) u 7^ only if /i > v. 

• diniF L(u) u = 1. 
These four facts imply that 

(8.3.1) dinip(rad A(A)„) = d Xf , ■ (dmip L(fi) u ) 

M6A+ r \{A} 

= dxp- (dim F L{y) v ) + d Xu . 

\>fJ,>V 

By Lemma [8.31 and (step 2), we know dmip(rad A(A)„). By the assumption of the 
induction together with (step 3), we know ^ M6A + r d\^ ■ (dimp L{jj) v ). Thus we can 

compute the decomposition number d\ v from the equation (18.3. ip . 



50 Kentaro Wada 

Remarks 8.4. 

(i) In fact, in order to compute the decomposition numbers, it is enough to 
consider the Gram matrix M(A) (U only for A, fi G A^ r since we have 

diniF L(fi) u = diniF A(/i)„ — d^ T dinip L{r) u . 

In this case, we should skip (step 3), and should add the following process of another 
induction on A+ r in (step 4) : 

d^ T is known for /x, r G A\ r such that A > //.. 
■O- dimpL^);, is known for fi G A* r , v G A n ^ r such that A > fi. 

(ii) Thanks to Theorem 13.41 and |DR2t Theorem 5.16 (f)] (or directly by com- 
paring the highest weights as [/^-modules), we have jrA(A) — fW(X) for A G A+ r . 
In particular, we have ^A(A) = F ®a ^A(A) since it is known that pW{\) = 
F <8u aW{\). 

(iii) Our algorithm can be applied for an arbitrary field which is not necessarily 
of characteristic 0. 

(iv) There exists a surjective homomorphism ^U' — > j±S~ as algebras, and we 
have jsJJ~ = jJJq. Thus, we have a surjective homomorphism of ^[/"-modules: 

jJJ- -> ^A(A) (= A S~ ■ TI) such that 1 i ► H. 

It maybe useful that we take a homogeneous basis of ^A(A) from the image of 
a certain homogeneous basis of (e.g. monomial basis, PBW basis, canonical 
basis, • • • ). 

(v) We can apply this algorithm to compute the decomposition numbers of 
fS q under the general setting in §|3j Moreover, we can also apply to compute the 
decomposition numbers of pS q associated to any Cartan matrix of finite type, which 
includes the generalized g-Schur algebra constructed in |Doj . 



Appendix A. A proof of Proposition 14.71 

In this section, we give a proof of Proposition 14.71 The author thanks T. Shoji 
for communicating this fact. 

A.l. Let V be a vector space over Q(q) with a basis {i>i, • ■■ ,v m }. Then, U q = 
U q (gl m ) acts on V from left by 



fi ■ v j 



Vj-i if j = i + 1, 
otherwise, 



Vj+i #j = i, 
otherwise 
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q Vj if j 



Vj otherwise. 



This action is called a vector representation of U q . We extend this action to a tensor 
space V® n by using a comultiplication A of U q defined by 

A(e;) = a ® KiK~ +l + 1 ® e», 

A(/0 =/i®l + iirrtfi+i®/i, 
A(JjQ fc )=Af (gii^. 

We denote this action by p' : ^(fllj -> End(V® n ). 

On the other hand, Jif n acts on V"®" from right as follows. We define T G 
End(V <g> V) op by 

{q Vi (g> if z = j, 

<g> Vj if i < j, 

^ <8> Vj + (q - q~ l )vi ® Vj if i > j, 



where End(V® V) op means an opposite algebra of End(V® V). For % = 1, • • • , n — 1, 
we define fj G End(V r ® n ) op by 

% = idf l ~ 1] ®f (g> id®*" -1-0 . 

Then, we define an algebra homomorphism 6* : Jrf? n — > End(V® n ) op by 6*(Tj) = Tj. 
By [J], it is known that the action of U q and the action of J^ n on V® n commute. 
Moreover, we have 



p'(U q ) = End ^(V® n )- 



A. 2. For ji = (/ii, • ■ ■ ,/i m ) G let V? n be a subspace of spanned by 

{vjj (g> Vj 2 ® • • • <g> Vj n I jij = §{k | ik = j} for j = 1, • • • , m}. One sees easily that 
V® n is a weight space of V® n with a weight /x as a [/^-module, and we have a weight 
space decomposition 

Since the action of J4? n commutes with the action of U q , V® n is invariant under the 
action of J^ n . For fi G Ai,i> P u ^ 




/^l terms ^2 terms /i m terms 
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Then, we have V® n = v^ ■ Jrf? n . Moreover, one can check that there exists an isomor- 
phism V® n — > M M of ^^-modules such that i— > x^. Thus, we have the following 
isomorphism of algebras. 

p'(U q ) = End^(V® n ) 
= EncW ( 

= End^„( M"). 

This isomorphism gives the surjection p : U q — > .5^ n ^ in Theorem 14.61 
A. 3. For /i e Ai,ii P u ^ 

A = t>l (g) - ■ ^ 8 t>2 • ■■ • ^ • • • t>i - • f y 

/il terms ^2 terms ^ terms 

£ = 7J i+2 • ■ ■ U j+2 V i+3 ■ • • f j+3 • ■ ■ v m • • ■ v m . 

V v ' V v ' " v ' 

terms terms terms 

Then, we have 

v„= A® v i+1 ■ • • v i+1 05, 
v v ' 

fJ.i+1 terms 

Vn +a . = A®Vi® v i+ i ■ ■ • v i+ i ®B. 

IH-^X—X terms 

By the definitions, one can compute that 

p'ieMva) = V q-^+^A Vi+i ■ ■ • 0^ u<+i ■ ■ • 05 
^i v ' s ' 

3 j — l terms m+i—j terms 

Under the isomorphism V^f n = this implies that p(ei)(m fl ) = V>+ai ti( m ij)- 

Thus, we have (i) in Proposition 14.71 For (ii), (iii) in Proposition 14.71 we can prove 
in a similar way. 



Appendix B. Example : Cyclotomic g-ScHUR algebra of type G(2, 1,2) 

In this appendix, we consider a cyclotomic g-Schur algebra =5^,2 of type G(2, 1,2), 
namely associated to the complex reflection group ©2 * (Z/2Z) 2 . In this case, we 
will describe elements 77^ fe N explicitly, and compute the Gram matrices M(A) At and 
decomposition numbers of 0-^2,2- Throughout this appendix, we replace 7$ with 
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Qi (i = 1,2), thus =5*2,2 is an algebra over /C = (q, Qi,Q<2), where q,Qi,Q2 are 
indeterminate elements. 



B.l. The cyclotomic g-Schur algebra ^ 2 ,2 of type G(2, 1,2) is generated by the 
generators E {1A) , E {2 ,i), #(1,2)1 #(i,i)> #(2,1), #(1,2), 1a (A G A), where 

fA <0> = ((2,0), (0,0)), A (1> 

lA (3> = (1,0),(0,1) , A (4> 

]A (6> = ((0,1),(0,1)), A (7) 
[A (9> = ((0,0),(0,2)) 

with the defining relations (17.4.11) - (17.4.81) . By Lemma 17. 10[ we have 

A + = {A( ), A(i), A( 2 ), A ( 7 ), A( 8 )}. 

By Lemma 17.21 and (17.3. ip , we have 

g* 2 %(F,E) = Q^q - q-^F^E^) + q~ 2 ), 

g^ ) (F,E)=Q 1 (q 2 + l), 

g$> ) (F,E) = Q 1 , 

g^l ) (F,E)=Q 1 , 

g$ ) (F,E)=F (2 , 1) E {2 , 1) + Q 2 , 

g%%(F, E) = F (1)1) F (2)1) £; ( 2 ) i ) £; ( i i i) + Q % 

4%(F, E) = gF(2,i)#(2,i) + Q 2 (l + q 2 ), 

9(i%( F > E ) = #(2,1)#(2,1) + Q2, 

and g^ 2 ^(F, E) (resp. g^ 2 )(F, E)), which does not appear in the above list, is equal 
to 0. 

As an example, we compute only g^^(F, E). By the definitions, we have 

°"(2,i)( m A (1) ) =m X{1) L 2 

= (L l -Q 2 )(L 2 -Q 2 )T l L 1 T 1 

= Ti(Li - Q 2 )^i(^2 - Q*)T X {■: Lemma[531(i), (iv)) 
= Q 1 T 1 (L 1 -Q 2 )(L 2 -Q 2 )T 1 

= Qx{Lx - Q2)(L 2 - Q 2 ) ({q - q^T, + l) (v jf = (q - q' 1 )^ + 1) 
= Qi((q ~ g _1 )m A(1) Ti +m A<1) ), 



= ((1,1), (0,0)), A <2) = ((1,0), (1,0)), 
= (0,2), (0,0) , A (5> = (0,1), (1,0) , 
= ((0,0), (2,0)), A (8> = ((0,0), (1,1)), 
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where the fourth equality follows from L x = T and TJ 2 = (Q 1 + ^2)^0 — QiQ2- On 
the other hand, we have 

^(1,1)^(1,1) ( mA u>) = ^ lm A (1) (1 + g^i) 

= m A(1) Ti + g~ 1 m A(1) . 

Thus, we have = Qi({q - g'^^y^J^ + g~ 2 M (1> , A(1> • This implies that 

g^&E) = Q 1 ({q - + g" 2 ). 

Since ^ 2il) = ( - Q 2 [A« - A^] + (rtf^, E) - qg^ 2) (F, £))) 1 A , 

we have 



A <2) 



(Qi(q - g" 1 )^!,!)^!,!) + Wig" 2 - lA (1> 



^(2,1) = -^(2,l)^(2,l)lA (2> , 

^J) = (qi(? 3 +?)-02(?+?" 1 : 



1a ( 4>: 



A/R\ 



; 2 ,i) = ( - q F {i,i) F {2,i)E {2 ,i)E {l .i) + (Qig 1 - Q 2 g)Jl A(6> 



t7a?, = (gi-Qa)l; 



<6>: 



A<7> 



^(2,1) - -^(2.1)^(2,1) lA <T> » 



A (8> 



~ -^(2.1)^(2,1) 1a <8> , 

^(2,1) = ^(2,1) = ^(2,1) = 



B.2. We can take a homogeneous basis of ^A(A) for A G A + as followings. 



basis of ^A(A( )) 


weight 


basis 


A <0) 


1a (o> 


A (1> 


^(1,1)^(0) 


A <2> 


-F , (2,i)-F 1 (i,i) 1 A (0) 


A(3) 


^(1,2)^(2,1)^(1,1)1^(0) 


A(4) 


^(l,l) x A(o) 


A <5> 




A(6) 


•F 1 (i,2)-F , (2,i)^ (1 2) 1) 1a <0) 


A (7) 


F (2) p(2) , 
(2,1) (1,1) A (0> 


A(8) 


^(1,2)^(2, 1)^(1, l)l»(o) 


A(9) 


P (2) p (2) p (2) 1 
^(1, 2)^(2, 1)^(1, 1) ±A (0> 



basis of ^A(A^^) 


weight 


basis 


v> 




A{2) 


^(2,1)^(1) 


A(3> 


^(1,2)^(2,1) 1A W 


A(5> 


^(1,1)^(2,1) 1a (1) 


A(6> 


^(1,2)^(1,1)^(2,1) lA (1) 


A (8) 


^(2,1)^(1,2)^(1,1)^(2,1) lA (1) 
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basis of ^A(A^)) 


weight 


basis 






A (3) 


ir (l,2) 1 A<a> 


A (5) 


F (1 1 1) 1 A ( 2> 


A (6) 


^(1,2)^(1,1)^(2) 


A(7) 


^(2,1)^(1,1) 1a (2) 


<V) 


%l)-^(l,2)^(l,l)lA (2) , ^(1,2)^(2,1)^(1,1)^(2) 


^<9) 


^(1,2)^(2,1)^(1,2)^(1,1) 1a (2) 



basis of ^A(A^ 7 ^) 


weight 


basis 


A <7> 




A <8> 




A (9> 




basis of ^.A(A/ 8 \) 


weight 


basis 


A <8> 





B.3. We can compute the Gram matrix of ^A(A) M X, fi G A + with respect to the 
above basis. Here, as an example, we compute M(A(o))a (2) - Note that ^A(A( ))(2) 
has a basis { ^(2,1)^(1,1) 1a/ \ }• We have 



1a (0) ^(1,1)^(2,1)^(2,1)^(1,1)^(0) 



£(1,1) (Qi{q - q-^F^E^ + (Q ig - 2 - Q 2 ))F (lil) l 
g 1 (g-g- 1 )[2][2] + (g 1 g^-Q 2 )[2] N )l A(0) 



><()> 



^(1,1)^(1,1) 1a (0> 



[2]1a (0> ) 



This implies that (F( 2 ,i)F (lil )l A , F {2A) F^i)l X{0) ) = [2}(Qiq 2 - Q 2 ). Thus, we have 



M(A (0) ). 



'(2) 



[2](Q ig 2 -Q 2 



In a similar way, we can compute the Gram matrix M(X) fl for A,/i G A^ r , and 
we have 
A(A (0> ) ; 



A(A (1> ) 



M( a <o>)a (1) = 


(H) 




^( A <0>)A(2) = 


[\2]{q 2 Q 1 -Q 2 ]) 




M(A (0> )a( 7 ) = 


{(Qi ~ Q2)(q 2 Qi - 


Q2)) 


^( A <o>)a (8> = 


([2](Q 1 -Q 2 )(q 2 Q 1 


-Q2)) 


M(A (1) ) A<2> = 


((q- 2 Qi ~ Q 2 j) 




^( A (i>)a (8) = 


((Qi-Q2)(q- 2 Qi 


-Q2)) 
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A(A( 2 >) 



M(A (2) ); 
M(A (2) ) ; 



(7) 



(8) 



q(q 2 Qi - Q 2 ] 

(Qi ~ Qt) 
q(q 2 Qi - Q 2 



(<T 2 Qi 



q{q- 2 Q l -Q 2 ) 

[Mq- 2 Qi - Q< 
Q2WQ1-Q2, 



A(A (7) ) 



M(A (7> ), 



•<8) 



[2] 



B.4. Let A — > C be a ring homomorphism, and we express the image of q, Qi, Q 2 
in C by the same symbol. We can compute the decomposition numbers of c-^2,2 = 
C ®a A^2,2 by using the algorithm in £JBJ and we have the following decomposition 
matrix of c-^2 2- 



( 9 V±1,0, Qi=Q 2 /0) 



( 9 V±1,0, g- 2 Q 1 = g 2 ^0) 





A 8 


A 7 


A 2 


Ai 


Ao 


A ( A)\ i( ' l) 


As 


At 


A 2 


Ai 


Ao 


A 8 


1 










A 8 


1 










A 7 





1 








At 





1 








A 2 








1 






A 2 





1 


1 






Ai 


1 








1 




Ai 








1 


1 




A 





1 


u 


U 


1 


Ao 














1 


(g 2 /±l,0, g 2 Qi = 


= Q2 






(q 2 = -1, 


±Qi 










As 


At 


A 2 


Ai 


Ao 


A(A)\ £( " ) 


As 


At 


A 2 


Ai 


Ao 


A 8 


1 










As 


1 










A 7 





1 








At 


1 


1 








A 2 


1 











A 2 








1 






Ai 











1 




Ai 











1 




A 








1 





1 


Ao 











1 


1 


(q 2 = -1, 


Qi 


= Q2 








(q 2 = -1, 


-Qi 


= c 








As 


At 


A 2 


Ai 


Ao 




As 


At 


A 2 


Ai 


Ao 


As 


1 










As 


1 










A 7 


1 


1 








At 


1 


1 








A 2 








1 






A 2 





1 


1 






Ai 


1 








1 




Ai 








1 


1 




A 


1 


1 





1 


1 


Ao 





1 


1 


1 


1 


(9 2 = 1, C 


h = 


Qi = 


0) 






(gV-1,0, Qi 


= ( 


32 = 


0) 






As 


At 


A 2 


Ai 


Ao 


A(A)\ iM 


As 


At 


A 2 


Ai 


Ao 


A 8 


1 










As 


1 










A 7 





1 








At 





1 








A 2 


1 


1 


1 






A 2 


1 


1 


1 






Ai 


1 





1 


1 




Ai 


1 





1 


1 




A 





1 


1 





1 


Ao 





1 


1 





1 


(q 2 = -1, 


Qi 


= Q 2 


= 0) 




















As 


At 


A 2 


Ai 


Ao 














A 8 


1 






















At 


1 


1 




















A 2 


2 


1 


1 


















Ai 


1 





1 


1 
















A 


1 


1 


1 


1 


1 
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Appendix C. Example : The case of r]f = 

In this appendix, we give an extreme example of S q which is not a cyclotomic 
g-Schur algebra. 

C.l. We take K = Q(q). Put A = {X = (A 1; • • ■ , A m ) G Z£ | Ai + • ■ • + X m = n}, 
and r/l = for any % — 1, • • • , m — 1 and A G A. Then, S q = S^ A is the algebra 
generated by E i: Fi (1 < % < m — 1) and 1^ (A G A) with the defining relations 
fl2XTT) - fl2X6l) . (12X81) . (12X31) together with the relation 

(2.1.7') EiFj — FjEi — 0. 

In this case, one sees easily that A = A + . We denote a monomial of Fj (resp. 
Ei) for z = 1, • • • , m — 1 by (resp. F(i?)). Then, one sees that 

X(F)1 X £ S q (> A), (resp. 1 X Y(E) <£ S q {> A)) 

if A + deg(X(F)) G A (resp. A — deg(V(-E)) G /l). On the other hand, we have 

X{F) 1 X Y(E) = X(F)Y(E)1 X-deg(Y(E)) 
= Y(E)X(F)l X -dc g (Y(E)) 

= Y(E)l X _ deg(Y (E))+deg{X(F))X(F). 

Thus, we have X(F) 1 X Y(E) = if A - deg(Y(E)) + deg(X(F)) £ A. It happens 
that A + deg(X(F)) G A A - deg(Y(E)) e A and X - deg(Y(E)) + deg(X(F)) £ A. 
This shows that the natural surjection A(A) ®/c ^ (A) — > S q (> X)/S q (> A) is not 
an isomorphism in general. (Note that (C-2) <^ (C'-2).) 
For X, fi G /l + (= yl), one sees that 

A^(A) M = unless A = fi, 

where means the zero-matrix. This implies that dim^ £(A) M = unless A = fi, 
and that 

[A(A):L(/x)]=dimjcA(AV 
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